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1.

HBEBOSNET, TOMBEMTFEHMNNT L.

Do not open this problem booklet until the start of the examination is announced.

AMFICET, AT, HRASEOENZ ENB AR LIS L.
If you find missing, misplaced, aud/or unclearly printed pages in the problem
booklet, ask the examiner.

FHFICRE I, LEIMETHD, HEAXZ 1HIS3H, HXI4EIS6H
THs. LHEHFFRLIGETHE TS L.

Three problems appear on pages 1-3 in Japanese and pages 4-6 in English in this
booklet. Answer all of three problems in Japanese or English.

BRI BAEENS. 1LY 1 ROMERREHEATSC L. BEIxE
ERFERROEEZMERAL T L.

You are given three answer sheets. You must use a separate answer sheet for each
problem. You may use the back of the sheet if necessary.

RERB LA DREENEFC, RRBESHBLICZORKTHET 2MERSE
BhTicidATac L.

Fill the designated blanks at the top of each answer sheet with your examinee’s
number and the problem number you are to answer.

BERAKEERFO YD BT T L.
Do not separate the draft papers from this problem booklet.

P RV, P, X iR EREALESRIEN LT 5.

Any answer sheet including marks, symbols and /or words unrelated to your answer
will be invalid.

FERKS L UM FRE B RS RN &,
Do not take either the answer sheets or the problem booklet out of the examination
room,.

TZES / Examinee’s number | No.

HHllc @& 2 E AT BT &. Fill this box with your examinee’s number.
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Problem 1

Square matrices A and B are given by

o -2 1
1 V3 0 3 3
A=\/'2'1\/§,B=§0—§
0 V2 1
12
3 3

For a real square matrix X, exp(X) is defined as follows:

. [o o]
1 ok) _ 1o, 13
exp(X)=kZO<7c-!x)_.I+X+-2—!X + XS+,

where I is a unit matrix. Answer the following questions.

(1) Calculate all eigenvalues of A and the corresponding eigenvectors whose norm is one
and whose first element is a nonnegative real.

(2) Calculate A™, where n is a nonnegative integer.
(3) Calculate exp(A).
(4) Show that exp(aB) is represented by the following equation:
exp(aB) = I + (sina)B + (1 — cos ) B,
where « is a real number. You may use the Cayley-Hamilton theorem.

(5) A function f of 3-dimensional real vector a is given as follows:
2k
exp <_TI,—B> a—T

where a is a 3-dimensional real vector, and n > 2. Show that f takes the minimum
value at = (I + B?)a.

n 2

fl@)y=Y

k=1

)




Problem 2

Let p = (p(t),q(t)) (t € [a,b]) be a smooth curve in the zy-plane. The length £y 4 of p
from time t = a’ to ¥’ is defined by

w——/ \/ dt

and the total length £, of p is denoted by L. Suppose that %’% = (0, 0) never holds. Let
variable s = s(t) be defined as the length £, ¢ of p from time a to t. Then the curve p is
parametrized by the variable s € [0, L], where s is also referred to as time. Answer the
following questions.

(1) Show that the following equation holds:

GHOR

(2) Let 6 = 6(s) be the angle between the tangent vector :i]_ls’ = (gp (cilq

and the zr-axis. Show that the following equation holds:

dp d?q dq d?p _(1@
ds d,s ds ds ds’

)ofpattxmes

In the following, suppose that p is a smooth closed curve and is the boundary of a convex
set K, where p rounds around K in the counterclockwise direction.

(3) Explain that %Z— > 0 holds for any time s.
(4) A point £ = (z,y) that is not contained in K is uniquely represented as
z =p(s) + ru(s)

by time s € [0,L) and the distance r between ¢ and K, where u(s) is the unit
normal vector of p at the time s with direction toward the outside of K. Show that
the following equation holds for such an z = (z, y):

o oz
ds Or dé

det =14r—.
o o iz
ds Or

(5) For a nonnegative real number D, let Kp be the set of points whose distance from
K is at most D. Show that the area Ap = / dzdy of Kp is represented as
Kp

Ap=A+ LD+ nD?

by the area A of K and the total length L of p.

p- 5



Problem 3

Consider hiring the best part-time worker by interviewing n applicants, where n > 2. It
is assumed that the absolute ranking (rank 1, rank 2, ---, rank n) of the applicants is
determined in advance, and that the relative ranking of the applicants already interviewed
is available. The applicants are interviewed one by one, but the order of applicants is
random and unknown. In the selection process, the decision to accept or reject an applicant
is based on the relative ranking of the applicants already interviewed, and the following
conditions are imposed:

o Immediately after an interview, the interviewed applicant is either accepted or re-
jected.

e Once an applicant is accepted, the selection process terminates.
o Previously rejected applicants cannot be recalled or accepted.

e If no applicants are accepted in the first n — 1 interviews, the n-th applicant is
accepted unconditionally.

Suppose that we use the following hiring strategy, where 1 < r < n.

* Reject the first » — 1 applicants unconditionally.

* Hercafter, accept the first subsequent applicant who is better than the best applicant
among the above r — 1 applicants (the applicant with the relative rank 1).

Let P,(r) be the probability of accepting the applicant with the absolute rank 1 in this
strategy. Answer the following questions.

(1) Calculate Py(2).
2 1 1 1
(2) Show that Pjo(3) = 6 X (§ + 3 doeet 5)

(3) Derive the probability of accepting the applicant with the absolute rank 1 among n
applicants at the k-th interview. Note that r < k < n.

(4) Consider the following recursive relation

Poir)y=| A |+| B |xPu(r+1).

Express A and B by n,r and some constants.

(5) Let ¢ = r/n. Explain that P,(r) approximately becomes —qlng when n is large
enough. Moreover, calculate the value of ¢ € (0, 1] that maximizes —qlng. Note
that In stands for natural logarithm.
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