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B ¥ IH / Instructions
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Do not open this problem booklet until the start of the examination is announced.

CAMFIZET, BT, HRIAEHEOENR R > G IEELES I L.

If you find missing, misplaced, and/or unclearly priuted pages in the problem
booklet, ask the examiner.

CAMFIEE1IEPoEIHMETHD, X 1ELS3H, EUIL4ENS6ET

H5. EEHARELVWUEETCRETSZ L.
Three problems appear on pages 1-3 in Japanese and pages 4-6 in English in this
booklet. Answer all of the three problems in Japanese or English.

REFRMIBMPEI NS, 1RZ BT I MORERREFERTE L. BB
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You are given three answer sheets. You must use a separate answer sheet for each
problem. You may use the back of the sheet if necessary.

RERMELDRE S W2 E/T, ZRESHICZ0AKTHE T 2HERES
FEATBHI L.

Fill the designated blanks at the top of each answer sheet with your examinee
number and the problem number you are to answer.
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Do not separate the draft sheets from this problem booklet.

BEICERLVES, B8, XELRCETALLERIIENLT5.
Any answer sheet including marks, symbols and /or words unrelated to your answer
will be invalid.
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Do not take the answer sheets or the problem booklet out of the examination room.

ZER%ES / Examinee number | No.

ERICZBRES 2T AT S Z L. Fill the above box with your examinee number.
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2RTEMEIZHENT, Efftldar+ By +vy=0D LSRR TES. TIT (2,y) FEMRE
DRDT AN NEETHD, FRT MV (o, 8,7)" ZEROBEARZ ML LIRS, BUTORM
WIZEZ &, 2L, BETORENZ MUT R+ 2 =1 %2R T IS8 L.

(1) 2XTFHETHGZAY, BRI MV FREETHIEBOBERZ MLVEDE
3R k.

(2) Mb%MED, MRS MV ACEELREGRBAEX5. ZOLE, HOEMEA % EE
BIZWHUTHEGEEBRLUZERE A2 T3, 208X, BIFEADBRERY FLEBER
A DIREAY MK 3 SITIEAFI AV LDk, b & i o Tkt k.

(3) M (2) TROLTHDFFRERD &.

(4) EEBIT R o THRIER S b (48,482 — 1,0) DL 5B 2EHD, OB %
EXH. IOERIIIOMEILELSTHE—REilD. TOHDMEEERD X,

(5) tiz ko TEALT 2 HBEMM, I T AHELHIT LD, [ (4) TEALLER D, »°
BRI PV (0,1, —t)T ZHOEMITEBIND L TB. 20 &S RER M, DIEHK
RPN (o, B )T KD K. L, t>008E, 0 >0, f>0 25 5.

(6) A0, 5 +oo X TEIT B L &, B (5) TRdE LM M, DA LA 5 E BR2A
BRATREL, BRtL.
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t ZRBEOMIER, ot), x(t), y(t) 2 EHEBEHE LT, UATOMWIZEZ L.
(1) a(t) &t BT HEME T OFEHHEAKTH D, EEEL 75, Z0rE, UTOEMS S
BEAOWHEMEDHE z(t) 2Rk X. 2T, 2(0)=a20#0 &7 3.

%x(t) = a{t)x(t)

(2) B (1) 20T, a(t) KM T ORMIEE 725 a(t) DBE+HEMEERD &

(3) LFOESEMD ARXOYIEMEDCRE «(t), y(t) Zkd K. ZIT, k BEER
U, z(0)=207#0,y(0) =y #0 £ T 5.

%x(t) = —kxz(t) + sin(t) cos(t)y(t)

%y(t) = (=k+sin(t)y(t)

@) M 3)Iz2WT, k>0 DHE, t—co DEEIT z(t), ylt) WED L DIZUEKT 55
BRIz A &

(6) M (3) IT2WT, k=0 DEFEAE, z0=2,y =1 TRT 2EHEOMIER 2 yr T
EICHT.
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FOHDHERNp OFER n BRI THRITS & &, KA 2EFEY TIHNBRWIEERE o, R
M IEBT TN WHERE b, £ T35, 7L, ap=1, by=by=1¢3%. LUTOMH
WIZEZ &
(1) a2 % p DEEEE UTHRY.
(2 n>3DLE, an®p, ano1r ans EAVTHEYE.
(3) p=2 DL E, WK
an +an_1 =0 (an—l + i _2)

il FHEOM (o, ) 23T NTRD K.
@) p= % DLE, an%nOERELTEY.
(5) bg & p DB L L THRE.
6) n>4DEE, b, % p, by_1, bn_a, b3z EHWVWTEYE.
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Problem 1

A line on a two-dimensional plane can be expressed as ax + Sy + v = 0, where (z,y) is a
point on the line in the Cartesian coordinate system. We call the column vector («, 3, ﬂ/)T
a coefficient vector of the line. Answer the following questions. Note that the coefficient

vector in your answer must satisfy o? + 8% = 1.

(1)

(2)

(3)

Find a coefficient vector of a line that passes through a point @ and is perpendicular
to a unit vector ¥ on a two-dimensional plane.

Let a line B pass through a point b and be perpendicular to a unit vector 7. Given
a line A, let the line A’ be the mirror transformation of the line A over the line B.
Using b and 71, write a three-dimensional square matrix that transforms a coefficient
vector of the line A to a coefficient vector of the line A’

Find the determinant of the matrix derived in Question (2).

Consider the movement of the line D; whose coefficient vector changes with the real
variable t as (4t,4t% — 1,¢)T. This line passes through a point regardless of t. Find
the coordinate of that point.

Suppose that, with the mirror transformation over a line M;, which also changes
with ¢, the line D; in Question (4) is transformed to the line with a coefficient vector
(0,1, —t)T. Find the coefficient vector (o, Bs,v¢)T of the line My, where a; > 0 and
By > 0 for t > 0.

When t changes from 0 to 400, consider the region where the line M; in Question
(5) can exist. Describe the region using a simple mathematical expression and draw
a diagram of the region.



Problem 2

Let ¢ be a real independent variable, and let a(t), (¢) and y(¢) be real-valued functions.
Answer the following questions.

(1) Let a(t) be a continuous and periodic function of ¢ whose period is 7. Find the
initial-value-problem solution z(t) of the ordinary differential equation

Sa(t) = alt)a (),
where z(0) = x¢ # 0.

(2) Find the necessary and sufficient condition on a(t) such that the solution z(¢) in
Question (1) is a periodic solution with a period T'.

(3) Find the initial-value-problem solutions z(t) and y(t) of the simultaneous ordinary
differential equations

%x(t) = —ka(t) + sin(¢) cos(t)y(t),

d .
Sy = (~k+smOy(),
where k is a real constant, z(0) = z¢ # 0 and y(0) = yo # 0.

(4) Explain briefly how z(t) and y(t) converge as t — co when k > 0 in Question (3).

(5) Draw a schematic graph of the solution trajectory in Question (3) on the yz-plane
where £k =0, zp = 2 and yp = 1.



Problem 3

A coin with the probability of coming up heads equal to p is tossed n times. Let a,, be the
probability that the coin never comes up heads twice in a row, and let b, be the probability
that the coin never comes up heads three times in a row. Here, let a; = 1 and b, = by = 1.

Answer the following questions.
(1) Obtain ay as a function of p.
(2) When n > 3, describe a, by using p, an—1 and ap_s.

2
(3) When p = P obtain all the pairs (e, ) of real numbers that satisfy the following
recursion:

Qp, + Ctn_1 = B(an-1 + @an_2).
2 . .
(4) When p = 3 obtain a, as a function of n.
(5) Obtain b3 as a function of p.
(6) When n > 4, describe b, by using p, by_1, bn_2 and b,_3.

3
(7) When p = T show that the following equation holds for any positive integer n:

n— e n—1
b, = 9 <§> 1 - w <§> cos ((n — 1)0)

8 \1 8 4
-1 -1
Vo | (—1+va\" “1-va\"
8 4 1 ’

1
where i is the imaginary unit and 6 is the angle that satisfies cosf = —\/—g and

V2

sinf = —.

V3
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