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Graduate School
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0000 / Mathematics

0000 / Examination Time: 13:00-15:30

0000000 / Instructions

1.
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Do not open this problem booklet until the start of the examination is announced.
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If you find missing, misplaced, and/or unclearly printed pages in the problem
booklet, ask the examiner.
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Three problems appear on pages 1-3 in Japanese and pages 4-6 in English in this
booklet. Answer all of the three problems in Japanese or English.
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You are given three answer sheets. You must use a separate answer sheet for each
problem. You may use the back of the sheet if necessary.
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ooooooo
Fill the designated blanks at the top of each answer sheet with your examinee

number and the problem number you are to answer.
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Do not separate the draft sheets from this problem booklet.
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Any answer sheet including marks, symbols and/or words unrelated to your answer
will be invalid.
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Do not take the answer sheets or the problem booklet out of the examination room.
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dy ax+y+b

= 2.1
dr z+cy+d (2.1)
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Problem 1

Answer the following questions on real square matrices.

(1) Let A be a matrix defined as

5 —4 0
A=|-4 5 0
0 0 16

(i) Find all the eigenvalues of A. For each of these eigenvalues, find a corresponding

eigenvector.
(ii) Find a real symmetric positive definite matrix B satisfying B2 = A.

(2) Let C be a real symmetric positive definite matrix. Show that there exists a unique
real symmetric positive definite matrix D satisfying D? = C.

(3) Let a real square matrix F' be nonsingular.

(i) Show that there exist unique real symmetric positive definite matrices S and T
and unique orthogonal matrices U and V satisfying F' = SU = V'T.
(i) Show that S and T in Question (i) satisfy T = F~1SF.
(iii) Show that U and V in Question (i) satisfy U = V.



Problem 2

Let = be a real independent variable. Let y(x) be a real-valued function. Consider the
following ordinary differential equation. Here, a, b, ¢ and d are real-valued constants, and

r+cy+d#0.
dy azx+y+b

= . 2.1
dr x+cy+d (2.1)

Answer the following questions.

(1) Assume that a = ¢ = 0. Find the general solution of Equation (2.1) in this case.

(2) Assume that ac = 1. Convert Equation (2.1) in this case into a separable form with

an appropriate change of variables.

(3) Assume that ac # 1. Convert Equation (2.1) in this case into a homogeneous form

with an appropriate change of variables.

Next, consider an ordinary differential equation in the following form. Here, P(z), Q(x)
and R(x) are real-valued functions that depend only on x.
dy

4, HP@) +Q@y + Rl)y® =0. (2:2)

(4) Assume that R(z) = 0. Find the general solution of Equation (2.2) in this case.

(5) Assume that P(x) = 0. Show that Equation (2.2) in this case can be converted into
an ordinary differential equation in the same form as that in Question (4) by an
appropriate change of variables with respect to y. Also, find the general solution of
that ordinary differential equation.

(6) Let y1(x) denote a particular solution of Equation (2.2). Show that Equation (2.2)
can be converted into an ordinary differential equation in the same form as that in
Question (5) with the change of variables z =y — y;.

(7) Assume that P(x) = 22 + 2+ 1, Q(x) = 2x + 1 and R(x) = 1. Find the general
solution of Equation (2.2) in this case.



Problem 3

Consider a moving point on a number line. The initial position of the moving point is 0.
At each step, the moving point moves by 1, either in the positive or the negative direction,
each with probability % For a positive integer n, denote by P, the position of the moving
point in the line after n steps. It is assumed that the movements of the moving point are
independent.

For a random variable X, let E(X) and V(X) be the expected value and variance of
X, respectively. Let Pr(X > k), and Pr(]X| > k) be the probability of satisfying X > k
and | X| > k, respectively.

Answer the following questions.

(1) Find the expected value of P,.
(2) Find the variance of P,.

(3) Show that for any positive integer k, the probability of satisfying |P,| > k satisfies

the following:
V(Pn)
k2

Pr(|P,| > k) <

(4) Show that for any t > 0 and any positive integer k, the probability of satisfying
P,, > k satisfies the following:

E(exp(thy)) '

Pr(Pn 2 k) = Priexp(tP) 2 exp(tk)) < == 5

(5) Show that for any t > 0, the expected value of exp(tP,) satisfies the following:

t2n
E(exp(th,)) < exp(T).

(6) Show that for any positive integer k, the probability of satisfying P,, > k satisfies

the following:
1.2

Pr(P, > k) < exp(—5 ).

(7) Show that the probability that |P,| > 10° after n = 10! steps is less than 1074,
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