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5fHRE, 3ff#E / Answer 3 out of the 5 problems

F B F IH / Instructions
(1) RERFIBOAKZ T, ZoMEMTZA»ZV L.

Do not open this booklet until the starting signal is given.

(2) AFIHET, BT, ERIAEHOEMRESNH - BETIEHLHE Z L.
Notify the proctor if there are missing or incorrect pages in your booklet.

(3) AftFIIIE 1M1 SE5METHY, HAI4ELS 13K, HXF 14 HE2S 23 H
TH3. 5055 IMEHFE RN LEETHRET S L.
Five problems appear on pages 4-13 in Japanese and pages 14-23 in English in this
booklet. Answer 3 problems in Japanese or English.

(4) BRAKIMDEE NS, 1B a0 T 1ROBRAREEHT . LU Z2RFA
ERERAROBEZERALTD LV,
Three answer sheets will be given. Use one sheet per problem. If necessary, you may
use the back of the sheet.

(5) BERHERDIEE SNEIC, SHRESBLOZOHKTHRET 2HEFES2ENT
WKEEAT A2k, RAREVCTRERZLRW.
Fill in the examinee number and the problem number in the designated place of each
answer sheet. Do not put your name.

(6) ERHREAMFILLUD#ERNI L.
Do not separate a draft sheet from the booklet.

(7) MECHBROBRVES, FEREZILALLERIZENE T5.
Any answer sheet with marks or symbols unrelated to the answer will be invalid.

(8) BRAMB L UHEMTFRFELRLZVWI L.

Leave the answer sheets and this booklet in the examination room.

ZERE o BEIR L -MEES
Examinee number ' Problem numbers
EicZBRESETZATHIL. ERGER L7 3 oDMEFES 2L ATE I L.

Fill in your examinee number. Fill in the three selected problem numbers.



2026-MMI-1
Problem 1

Let n be a positive integer. Let S™ denote the set of all n xn real symmetric matrices,
and let S denote the set of all n x n real symmetric positive semidefinite matrices.
For matrices A, B € S", let tr(A) denote the sum of the diagonal entries of A, and let
(A, B) = tr(AB) and ||A|| = /(A, A). Answer the following questions.

(1) Show that aX + (1 — @)Y € S" for any X,Y € S§% and any a € [0, 1].

(2) Show that there exists a unique X € S that minimizes || X — A||? for a given
A € S™. Let ¢(A) € ST be the minimizer. Write ¢(A) in terms of the eigenvalues

and eigenvectors of A.
(3) Show that
(A—a(A), X —¢(A)) <0
for any A € S" and any X € §7.
(4) Show that the following (i) and (ii) are equivalent for any X,Y € S7.

(i) (X,Y) =0 holds.
(ii) X = ¢(X —Y) holds.
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2026-MMI-2

Problem 2

Let R be the set of all real numbers. For a real number z, denote exp(z) = e”.
The expectation of a real-valued random variable Z is denoted by E[Z]. The moment
generating function My of Z is defined by Mz()\) = E[exp(AZ)] for A € R. Answer the

following questions.

(1) For a random variable X that follows the standard normal distribution, define
Y = X2. Show that

1
My(\) = ——
Al
holds for any A < 1/2.
(2) Show that

Mz(})
>e) < ———
Pr(Z 2¢) < exp(Ae)

holds for any real-valued random variable Z, any positive real number ¢, and any

A > 0 such that Mz()) is finite.

In the following, let m and n be positive integers, and let A be an m X n matrix whose
entries are independently following the standard normal distribution. For a positive

integer ¢, the Euclidean norm of b € R* is denoted by |[|b||.

(3) Show that
2
Pr([|Ab||* —m > ¢) < exp <__°_>

8m
holds for any b € R™ satisfying ||b|| = 1 and for any ¢ € (0,m]. Here, you may
use the fact that log,(1 + z) > = — z* holds for any > —1/2.

(4) Let k be an integer satisfying k > 2, and let {b;,bs,...,bx} € R". For each
= ks et b = #Abi. Show that, if

8. (k-1
mzﬁl"ge( % )

holds for constants 7,8 € (0, 1], then the probability of holding the inequalities

16; = 631 < (L +m)llbs — b;|1* for all 4, € {L,...,k}

is greater than or equal to 1 — 9.
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2026-MMI-3

Problem 3

Consider the following differential equations with respect to the two real-valued

functions z(t) and y(¢):

dz
— = —2zy,
Gl

Here, we assume that an initial condition (z(0),y(0)) for the equations (*) is given,
and the solution is unique and sufficiently smooth on the interval where the solution

exists. Answer the following questions.
(1) Find all (2(0),y(0)) satisfying
“(z(t),y(t)) = ((0),y(0)) holds for all ¢ > 0”.

(2) Suppose the initial condition satisfies z(0) > 0,y(0) > 0, and x(0) + y(0) = 1.

Show that under this assumption the solution of the equations (x) satisfies
z(t) >0, y(t) >0, and z(t) +y(t) £ 1
for all £ > 0. You can assume that the solution exists in ¢ > 0.

(3) We assume the same assumption for the initial condition as in (2). Discuss
whether there exists a solution to the equations (*) which satisfies
s < lim z(t) < 1
T flglox

or not.

(4) Suppose the initial condition satisfies (z(0),y(0)) = (1,—1). Show that there

exists a positive 7" such that tlin% z(t) = oo (i.e., z(t) diverges to infinity as ¢
—
t<T

approaches T' from the left). You may use the following.

dx dy %}f
If BT # 0, then = %- holds.
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2026-MMI-4
Problem 4

Let N be a positive integer satisfying N > 2. Consider a population of NV individuals,
where each individual in the population has a type of either A or B. The fitness of type
A (resp. type B) is represented by a positive real number fy (resp. fg), and we define
r = fa/fs. The number X, € {0,..., N} of individuals of type A at time 0 in the
population is given. For t = 0,1, ..., the number X, of individuals of type A at time

t+1 is determined by using the number X; of individuals of type A at time ¢ as follows:

e One individual is selected from N individuals with equal probability 1/N. Let
u; be a random variable following the uniform distribution defined on the open

interval (0,1).

— If the selected individual is of type A and

gt faXy
DR BN X))

holds, then the type of the selected individual changes to B.

— If the selected individual is of type B and

il faXy
P2 X+ fe(NV = X))

holds, then the type of the selected individual changes to A.

— The type of the selected individual does not change, otherwise.
e The types of the unselected N — 1 individuals do not change.
e Let X;.1 be the number of individuals of type A after this type transition.

Here, the selection of individuals at time ¢ = 0,1,..., and g, uy,... are independent.
Fori=1,...,N — 1, we denote p; = Pr(X; =i+ 1) and ¢; = Pr(X; = ¢ — 1) in the

case when X, = i. Answer the following questions.
(1) Show that p;/¢; =r holdsfori=1,...,N — 1.
(2) For i =0,...,N, we define
0: ='Br (tl_grg X; exists and is equal to N )

in the case when Xy = ¢. Then for i = 1,..., N — 1, provide a relation of ¢;,,,

¢, and ¢;_1 in terms of p; and g¢;.
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(3) Write ¢; in terms of ¢, N, r fori =0,...,N.

(4) For i = 0,...,N, let T; be the expectation of the first time that X; becomes
either 0 or NV starting from X, = i. The probability that no such time ¢ exists is
equal to 0. Then, for i =1,..., N — 1, provide a relation of T}, T3, and 7;_; in
terms of p; and ¢;. You may use that T; < oo for ¢ =0,...,N.

(5) Suppose r = 1. For i = 1,...,N — 1, write T; in terms of i, N, Ly, Li;1, and
3=1

Ly_;.1. Here, we define Ly =0 and L; = 1/k for 7 > 2. You may use that
J
k=1

n
E L; =nLy,. 1 — n for any positive integer n.
Jj=1



2026-MMI-5
Problem 5

Let G = (V, E) be a simple undirected graph with a set V = {v,va,...,v,} of n
vertices and a set E of m edges, and suppose that G is given by an adjacency list
representation. An orientation of G is a directed graph G = (V,E) obtained from
G by giving a direction to each edge. In particular, if G = (V, E) is acyclic, it is
called an acyclic orientation. For each u € V, let dgz(u) denote the number of edges
in G directed towards u. The sequence (dg(v1),dg(vs), . .., da(v,)) is called the in-
degree sequence of the orientation G. We assume that the four basic arithmetic and
comparison operations between two integer numbers can be done in constant time.

Answer the following questions.

(1) Show that for two distinct acyclic orientations of G, their in-degree sequences are

distinct.

(2) Design a linear time algorithm to determine whether there exists an acyclic ori-

entation G of G with
(dé(vl), dG-;(Ug), ot ,d@(vn)) = (hl, ]‘LQ, b ,hn)
or not for a given nonnegative integer sequence (hy, ha, ..., hy).

(3) Design a linear time algorithm to find an acyclic orientation G that minimizes
max {dg(vi) | i =1,2,...,n}.

(4) Design a linear time algorithm to find an acyclic orientation G that maximizes

n
E cidg(v;) for a given integer sequence (¢, ca, . Gl
i=1

22



