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5EHE, 3% / Answer 3 out of the 5 problems

F B #F 1H / Instructions

(1) HBBBOERNE T, ZOMERTFER» RN &,
Do not open this booklet until the starting signal is given.

(2) A-FIZET, T, ERAEEHOEFRREYRH > LIGEITITH LTS Z &,
Notify the proctor if there are missing or incorrect pages in your booklet. _

(3) AtFIZIIB 1M SEMETHY, BAXIZAENS 13H, EXTMUE»S 23H
THbH. 5HDIH 3MEHAFELWURFETHET S L.
Five problems appear on pages 4-13 in Japanese and pages 14-23 in English in this
booklet. Answer 3 problems in Japanese or English.

(4) BEAKIEAEE NS, 1Az ? | KOBERAKZEATIZ L. kh 2B
CEIIEEAMOEEZMAL TH L.
Three answer sheets will be given. Use one sheet per problem. If necessary, you may
use the back of the sheet.

(5) EERAMOIEINEIC, TRESBLICZOHMTHE T 2MEFES 20T
KRATHZ L. KRGREFEBCTRE SRV,
Fill in the examinee number and the problem number in the designated place of each
answer sheet. Do not put your name.

(6) HERAMIEABTSE D EEE T &,
Do not separate a draft sheet from the booklet.

(7) MBEZRHEBROLZVWES, HERLZ2EALLBTRIIEY L T5.
Any answer sheet with marks or symbols unrelated to the answer will be invalid.

(8) BEMMS JUHERFIRFBLROS AN &,

Leave the answer sheets and this booklet in the examination room.

ZRES No BRUAMESS
Examinee number . Problem numbers
Rl ZBREESZ2EHATHI L. EBIER U3 >OMESE25EATEI &,

Fill in your examinee number. Fill in the three selected problem numbers.



2025-MMI-1
Problem 1

Let d be an integer satisfying d > 2. For real symmetric matrices X,Y of size d,
denote X » Y if X —Y is positive semidefinite and denote X > Y if X —Y is positive
definite. The sum of the diagonal entries of X is denoted by tr(X). Let O denote the

square zero matrix of size d.
For each of the following (1)—(5) for real symmetric matrices A, B of size d, provide

a proof if it is true, and a counterexample if it is false.

(1) If A> O and B » O hold, then tr(AB) > 0 holds.
(2) f A> O, B> O, and tr(AB) = 0 hold, then A = O or B = O holds.

(3) If tr(AC) > 0 holds for any real positive semidefinite matrix C of size d, then
A > O holds.

(4) If A= B > O holds, then A% > B2 holds.

(5) If A > B > O holds, then B~ » A~! holds.
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2025~-MM1I-2
Problem 2

Consider the following initial-boundary problem of a partial differential equation

with respect to the real-valued function u(t, z).

ou 5 0%

i B 0O<z<L,t>0),

Ot oy = Q%0 1) = (A)
u(0,z) = f(z) 0<z<L).

Assume that L is a positive real number, and f(z) is a continuous function satisfying

sup |f(z)| < 1. Answer the following questions.
0<z<L

4 2\ 0z
non-increasing in ¢ > 0.

Lt w2 1 /6u)? . ,
(1) Let H(u) = ~ 3 5\5 dz. Show that this is monotonically
0

(2) Consider the initial-boundary problem

((Ou  O%u
—5‘{:5&‘—2' (0<$<L,t>0),
Ou oy = Q% 1y = (B)
u(0,z) = f(x) 0<z<L)

as a simplified version of the equation (A). For this problem, consider the case

where the solution is written in the form

u(t,z) = Zb’“ exp(cgt) cos <%7-T—:c> ,

k=0

where by, ¢, (kK = 0,1,2,...) are constants independent of z,¢. Find b; and c.

Also, find the limit of the solution as t — oo.

(3) Consider the following ordinary differential equation with respect to a real-valued

function v(t) (¢ > 0) depending only on ¢,

@zv—v?’ (t>0),
d ©

v(0) = a.

Find the solution of the equation (C) when the initial value a satisfies |a| < 1.

Then, find the limit of the solution as £ — oo.
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(4) The equation (A) is a mathematical model describing phase separation in systems
~ where two substances are mixed together (phase separation means that the two
substances are separated into their areas). In this model, u(t, z) describes a ratio
of mixing the two substances at time ¢ and position z. Answer the following two
questions about how the equation (A) is supposed to model phase separation.
(i) List main points on how the modeling of phase separatidn is affected by
the asymptotic behaviors of the equations (B) and (C), the monotonically non-
increasing property of H(u), etc.
(ii) Show conceptual pictures of the evolution of the solution when started with

sufficiently small initial data, i.e., when f(z) satisfies |f(z)| < 1.
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2025-MMI-3
Problem 3

Let R be the set of all real numbers. For a,b € R (a < b), let F,; be the set of all
real-valued continuous functions f defined on the open interval (a,b) that satisfy the

following conditions:
d inf:z:e(a,b) f(il?) > 0,
o [’ f(z)de=1.

For f € F,p, define the mean of f by fab zf(z)dz, and define the median of f by
z € (a,b) such that [ f(z)dz = f: f(z)dz = 1. Answer the following questions.

(1) Define a function g € F; s as follows:

Sr+3 (:L‘E(O,%D,
o= 1-tee1 (re 1)
el

Find the mean and median of g.

In the following, let a,b be real numbers such that a < b, and let f € F,.

(2) Denote the inverse function of the function v = F(z) = [ f(£)d¢ (a < z < b)
by z = Q(u) (0 <u < 1). Show that the mean of f is given by fol Q(u)du.

(3) Show that the mean of f is strictly larger than the median of f, if f is strictly
decreasing on the interval (a,b). Here, we say that f is strictly decreasing if it

satisfies f(z) > f(y) fora <z <y < b.

(4) Forc,de R (a<c<d<b),define fg € Foq by

NC
fcd(‘) fff(f)df

Suppose that f is differentiable on the interval (a,b) and the derivative f’ of f is
continuous on (a,b). Show that f is strictly decreasing on (a,b), if the mean of

fea 18 strictly larger than the median of f; for any ¢,d € R (a < c < d < b).
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2025-MMI-4

Problem 4

Let n be a positive integer, and let 0 < p < 1. Answer the following questions.

(1)

(2)

For a positive real number A, a random variable X is said to obey the Poisson
distribution with mean X if the equation

X

Pr(X =k)=e o

is satisfied for any non-negative integer k. For positive real numbers A\; and A,

let X and X, be independent random variables obeying the Poisson distributions
with mean A\; and Aq, respectively. Then, show that X; + X5 obeys the Poisson

distribution with mean A\; -+ As.

Show that
‘Pf (ny’ < K) ~Pr (Zm < K) <Y Pr(& £ )
j=1 j=1 j=1
for any real number K and any random variables &1,...,&,.,m1,. .., M, Which are

not necessarily independent. You may use the fact that

Pr <U A]> S Z PI‘(A])
j=1 =1
holds for any events Ay, ..., A,.
Let U be a random variable obeying the uniform distribution U(0, 1), i.e.,
Pr(U € (a,b)) =b—a

for0<a<b<1l Forl=0,1,2,..., let

¢ i
— NP
Qe = ¢ Z T
1=0
Let ¢ and n be random variables defined by

0 (fU<1-p),
1 (fU>1-p),

n =min{¢ | £ is a non-negative integer, U < q,}.

Here, define n = 0 if {¢ | £ is a non-negative integer, U < q,} is the empty set.
Then, show that Pr(¢ # n) < p?. You may use the fact that 1 —e™® < z holds

for any real number z.
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(4) Let 4 = np. Let Y be a random variable obeying the binomial distribution
B(n,p), i.e.,

Pr(Y = k) = yrk

n! B
k(-
Wi =P P
for k=0,1,...,n. Then, show that

K
Pr(Y < K) ——e_“Z—'

for any K =0,1,...,n.
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2025-MMI-5
Problem 5

Let Z be the set of all integers. For a matrix X, the (4, j)-th entry of X is denoted
by X[z, ].
Let n be a positive integer, and z,; (i = 1,...,n,7 = 1,...,n) be integers. For an

indeterminant z, a square matrix A of size n is defined by
Ali, j] = z* (it=1,...,n, 3=1,...,n),

and for k = 0,1,2,..., define S = lezo At where A° means the identity matrix of
size n. Let di(,7) be the maximum degree among the non-zero coefficient terms of
Sk[t, 7] in z, and define a square matrix Dy, of size n by Dgli, j] = di(4,7). Answer the

following questions.

(1) Provide a polynomial-time reduction of the problem of computing D, for given
2z <0(=1,...,n j=1,...,n) to the shortest path problem. Here, the
shortest path problem is the problem of computing a path between two vertices
such that the sum of the weights along the path is minimized for a given edge-

weighted directed graph.

(2) Forgiven z;; € Z (i =1,...,n, j =1,...,n), show that the following assertions

are equivalent.

e BEach entry of D; converges to a finite value as k — co.

e D,li,i] <0holds for allz=1,...,n.

(3) Provide a polynomial-time algorithm for deciding whether each entry of D} con-

verges to a finite value as k — oo for given z;; € Z (i =1,...,n, j=1,...,n).

(4) Suppose that, for given sy, t; € Z (i =1,...,n, j =1,...,n), each z; is written
as a function

Zij = Sij + tij)\

in A € Z. Provide a polynomial-time algorithm for deciding whether
A = {) € Z | each entry of Dy converges to a finite value as k — oo}

is the empty set.
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