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5 BtiRE, 3 [If#% / Answer 3 out of the 5 problems

# B ¥ X /Instructions

(1) RBEEAROEEET, ZOMERFEAGLRNI L.
Do not open this booklet until the starting signal is given.

(2) AMFIZHET, LT, HRFHBOERAREBH-LBEICXBLES I L.
Notify the proctor if there are missing or incorrect pages in your booklet.

(3) AMFICIXB LA, SESMETHY, BHEAXI4E»S 13H, EXIF14H»S 23 H
TH5. 5HADSH IMEAEFBRVWUVRETCHE TS L.
Five problems appear on pages 4-13 in Japanese and pages 14-23 in English in this
booklet. Answer 3 problems in Japanese or English.

(4) BERAEIRFBE NS, 1HCLicsd | ROSEAKRZEATS L. LE2ER
LERERAROBEZFEAL TS K\,
Three answer sheets will be given. Use one sheet per problem. If necessary, you may
use the back of the sheet.

(5) BEERAROBREINEERIZ, ZRETBLCTOAGTHRETSHEES 2SN
CRATEIL. RARBWTIRRL W,
Fill in the examinee number and the problem number in the designated place of each
answer sheet. Do not put your name.

(6) ERAMKIIAMFrOTIEE RN L.
Do not separate a draft sheet from the booklet.

(7) BEZBRORVWIES, RERYERBALVATRIIEN LT 5.
Any answer sheet with marks or symbols unrelated to the answer will be invalid.

(8) BERAMS L UHBERFIIRL RO AN L.

Leave the answer sheets and this booklet in the examination room.

TREBRS No BRLU-NEES
Examinee number . Problem numbers
IR ZBRBESEZHEATEIZ L. ERITRBRUAE3>OMERSZ2HATIZ L.

Fill in your examinee number. Fill in the three selected problem numbers.



2023-MMI-1
Problem 1

For finite real number sequences A = {a;}}2,, B = {b;}}-, with positive integers

m,n, define

1 — 1
fA4B)=In| =) ——1I,

n
m“
=1 2§ gl
n =1

where In designates the natural logarithm. Answer the following questions.

(1) Show that f(A,B) > 0 holds, and describe a necessary and sufficient condition
for A and B to satisfy f(A,B) =0.

(2) Show that
f(A,C) < f(A,B) + f(B,C)

holds for any nonempty finite real number sequences A, B, C.
(3) For any real number s, define Am(s) = {s + £}7;, Bn = {1}},, and
o(s) = lim lim f(An(s), Ba).

Derive an explicit form of a function h(z) that satisfies

g(s)=In (/:H ﬁdz) .

(4) Find a real number s that minimizes g(s).
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2023-MMI-2
Problem 2

Let u; be the ith component of a vector u in the n dimensional real vector space
R™. A vector u € R” is called a positive vector if it satisfies u; >0 foralli=1,...,n.
The set of all positive vectors in R" is denoted by A,. For a vector a € R", let
diag(ay,...,a,) denote the diagonal matrix whose ith diagonal component is a; for
i=1,...,n. For a matrix M, its transpose is denoted by M.

For a real nonsingular n x n matrix A = (a;;) and a vector v € R, a function F;(z)
of z € A&, is defined by

Fi(z) = z; (vi+2a,-jmj) (i=1,...,n).

J=1
Assume that there exists a positive vector z* € X, satisfying Fj(z*) =0 (i = 1,...,n).
We consider a system of differential equations
10
20 _Rem)  620i=1..,n) (¥

for z(t) € X,. Answer the following questions.

(1) For a vector ¢ € X, let L(z) be a function of z € X, defined by

n *
L(z) =Zc.; [x;‘log% — +a:,-] .
(]

=1
For the solution z(t) of Equation (*) with an initial state z(0) = 2’ € Ay, we

define L(z') by L(z') = d—LS:t(ﬂ . In addition, let C = diag(cy,...,¢s). Show
£=0

that L(z’) < 0 holds for arbitrary =’ € X, \ {z*} if and only if the symmetric
matrix CA 4+ AT C is negative definite.

(2) For a vector w € Ay, let Hy(z) be a function of z € R™ defined by

Hy(z) = % Zw,: 22

i=1

L G
For 2(t) = z(t) — z* defined with the solution z(¢) of Equation (x), obtain a

matrix-valued function G(2) that satisfies
dz(t)
d¢
The function G(z) should be written in terms of A, W = diag(wy,...,ws),
X* = diag(z},...,z}), and Z = diag(z1,...,2n)-

-
We denote the gradient of H,(z) at z by VHy(2) = (%’frl(z),.. 3—H'“(z)) .

= G(2(t)) VHu(2(2)).
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(3) Suppose that there exists a positive vector ¢ € X, such that the symmetric matrix
CA + ATC is negative definite for C = diag(cy,...,c,). Find a vector w € A,
satisfying the following statement.

There exists an open neighborhood U C R™ of 0 € R™ such that z(t) €

. dHy(2(t)
U \ {0} implies —a < 0.
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2023-MMI-3
Problem 3

Let C be the set of all complex numbers and i denote the imaginary unit. For a
real number r > 1, let D, be the disk in C defined by D, = {z € C | |2| < r}. For a
holomorphic function f : D, = C on D,., denote by || f|| the supremum norm of f, i.e.,

I£Il = sup |f(2)I, and define I(f) and Iy(f) by

27 N
I(f) = A f(ei")de and In(f) = %Zf(&wik/}\/x

k=1

respectively, where N is a positive integer. Answer the following questions.

(1) For a real number R > 0, let I'(R) C C be the circle centered at 0 and of radius

R with positive (counterclockwise) orientation. Show that
—i
=9 i@
r@ 2
holds for a holomorphic function f : D, = C on D,.

(2) For a holomorphic function f : D, — C on Dy, let

—izN-1

gn[fl(z) =
Find all poles of gx[f] on D, and calculate the residue of gn|[f] at each pole.

(3) Assume that a holomorphic function f : D, — C on D satisfies || f|| < co. Show
that

27
il .

v —1

[I(f) — In(F)] <
holds.

(4) Show that the constant 2 in the right-hand side of Inequality (%) is optimal, i.e.,

) = I _
T )‘2

holds, where sup designates the supremum over all holomorphic functions f :

f
D, = C on D, with ||f]] < oo.

lim sup (rN sup
!

N—oo
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2023-MMI-4

Problem 4

Let X be a random variable obeying the normal distribution with mean 0 and vari-

ance 1. Let f(y) denote the probability density function of a random variable

1
Y =5

Let i be the imaginary unit, and let R be the set of real numbers. The expectation of
a random variable Z is denoted by E[Z]. Answer the following questions.

(1) Find f(y).

(2) Denote the Laplace transform of the function f(y) by L(u) = [°e™¥f(y)dy (u >
0). Then, show that the equation

dL(u) 1
0 =—‘/§1_LL(u) (u>0)

holds.
(3) Denote the characteristic function of Y by ¢(u) = E[e™*Y] (u € R). Find ¢(u).

(4) Let Y3,...,Y; be independently identically distributed random variables obeying
the probability density function f(y). Show that

1
Lt

converges in distribution (converges in law) as n — 0o, and find the probability
density function of the limit distribution.
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2023-MMI-5
Problem 5

A ternary representation of a natural number (positive integer) d is a sequence of
integers (do,d, . . .,d,) satisfying

n
d=Y d?, de{-1,0,1} (=01,...,n-1), do=1.

i=0

A ternary representation (do,d,. .., d,) of d satisfying
di1d; =0

for all integers ¢ with 1 < ¢ < n is called a sparse ternary representation. Answer the

following questions.

(1) For a natural number n, find the maximum integer L, that can be represented

by a sparse ternary representation (dy, dy, ... ,dy).

(2) Show that the sparse ternary representation of an arbitrary natural number d is

uniquely determined.

(8) Design an O(logd)-time algorithm for converting the binary representation of a

natural number d to its sparse ternary representation.

(4) For a sequence of integers (ag, @1, - - - , @s), let w(ag, ay, ..., a,) denote the number

of nonzero integers a;. Show that

w(dg, ds,...,dy) < w(do,dy,-..,dn)

% %

holds for the sparse ternary representation (dg,d;,...,d},) and any ternary rep-

resentation (do,d, .. .,d,) of a natural number d.

(5) For a natural number n, let X, be a random variable that obeys the discrete
uniform distribution over the set {z € N | 2z < L,}. A random variable Y,
is defined by Y, = w(dy, d},...,d;,) by using the sparse ternary representation
(d3,ds,...,d:) of X,. Show that

lim —E[Y"] = l

n—soo T 3

holds. Here, N denotes the set of natural numbers and E[Y;] denotes the expected
value of Y5,.
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