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Problem 1

Given a continuous-time signal z(t) (t is areal number representing time), its Fourier
Transform (FT) is defined as

o0

X(w) = Flolt)) = / 2(t) exp(~jwt)dt,

—o0

where w is a real number representing the angular frequency and j is the imaginary
unit. Let  denote the circular ratio, and answer the following questions.

(1) Given a positive real number 7", the rectangular function recty (1) is given as

ety = {1 IS T2
70 it > Ty,

(a) Draw the outline of the amplitude spectrum of recty(t) over the range
—9 < w £ 9. Clearly mark the zero points (the angular frequencies at
which the amplitude spectrnim is zero) on the horizontal axis. You need
not label the peak value of the amplitude spectrum on the vertical axis.

(b} Find the FT of recty(t — 1).

(2) Given two continuous-time signals z(t) and y(t), the convolution integral Z{t) *
y(t) is defined as

o) <3t = | alriy(e —rlar

(a) Draw the graph of recty (t) * rect; (¢) over the range —3 < ¢ < 3. Indicate
the values that characterize the graph on the horizontal and vertical axes.

(b) Given a positive real number T, the triangular function trip(¢) is given as

trip(t) = L= [2t/T] i ] < T/2,
o if [t > 72,

Draw the outline of the amplitude spectrum of trip(t) over the range —9 <
w < 9. Clearly mark the zero points on the horizontal axis. You need not
label the peak value of the amplitude spectrum on the vertical axis.

(Continued on the next page)
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Given an N-length discrete-time signal z[n] (n is an integer representing time), its
N-point, Discrete FT (DFT) is defined as

X[k} = DFT[z[n]] = Z_ z[n]exp (—J?) )

where k is an integer representing the angular frequency. Answer the following

questions.

(3)

Let Wy = exp(—iZ¥), and define uy[n] = W™, Given integers [ and m, prove
that the following equation holds. Here, the superscript * denotes the complex
conjugate.

pl . N ifl=mmod N,
L wn|uy, [n] = .
0 ifl{#mmodN.

n=()
Given an even number M, the rectangular window function rect,, [n] and the
triangular window function tris[n] are respectively defined as

0 otherwise, 0 otherwise.

1 ifo<n<M-1, 1- |2 1] f0gn< M-1,
rectas(n] = trips[n) = i
For a signal x[n] whose length is longer than M, the signals obtained by mul-
tiplying it with recty[n] and triy(n] are defined as Fyeq[2] = rectyy[n]zn] and
T ) = tripg[n)z[n], vespectively.

(2) Explain the difference between the M-point DFT of Z.[n] and that of
Tyi[n]. In your explanation, be sure to use the terms “spectral leakage,”
“main lobe,” and “side lobe.” You need not show the DFT spectra.

(b) A cosine wave with the frequency fp, defined as g{t) = cos(27 fot), is
sampled at a sampling frequency f;, yielding the discrete-time signal g[n] =
g(n/ fs), where f, > 2f;. For the M-point DFT of the signal fee[n] =
rectag[n)g(n], describe the condition under which spectral leakage does not
occur. Also, show the derivation process leading to the condition.
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Problem 2

Consider the circuit in Fig. 1 consisting of an operational amplifier, a, switch, and
resistors with resistance R;. The amplifier has ideal characteristics with an infinitely
large gain and input impedance, zero output impedance, and no delay between
the input and output. The switch is always connected to either side A or side B,
and the delay in switching is negligible. Denote the input and output voltages,
respectively, by vi(t) and wvy(¢) in the time-domain and their Laplace transforms
by Vi(s) and V3(s). When you draw graphs in the following questions, indicate the
quantities clearly that characterize the outline on the horizontal and vertical axes.

V1(s) Ry
O VY"Y VZ (5)
L3 o
A

Fig. 1
(1) Answer the following questions regarding the circuit in Fig. 1.
(a) Express Va(s) using V;(s) when the switch is on side A.
(b) Express V4(s) using Vi(s) when the switch is on side B.
(c) Answer the input impedance of the circuit, distinguishing between cases
in which the switch is on side A or side B.

(2) We consider a periodic rectangular signal f(¢) with a period T in Fig. 2, with
which we switch the connection in Fig. 1 to side B when f(¢) is +1 and side A
when f(t) is —1. Draw the outline of vy (t) over 0 < ¢ < 2T when the input v, (t)
is given with the following conditions in (a) and (b). We assume that f{t)y=0
and the switch is on side B for ¢ < 0.

(a) vi(t) is given as g(¢) in Fig. 3, which has twice the period of f(¢).

(b) vi(t) is given as h() in Fig. 4, which is shifted in time from F(t) by

T (0<r< ).
£ a(t) h(t)
. ; . )
o7l r JOR T 27 ¢ O« t
2
P A B P — VY SN S S S
=+t T+7v
Fig. 2 Fig. 3 Fig. 4

(Continued on the next page)
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Rz
._M__.
V3(s) Ry
<& ,WV - Va(s)
—o
77,77 :
Fig. 5

Consider the circuit in Fig. 5 consisting of an operational amplifier, resistors with
resistance Ry, and a capacitor with capacitance C. The amplifier has ideal charac-
teristics. Denote the input and output voltages, respectively, by v3(t) and v4(¢) in
the time-domain and their Laplace transforms by Va(s) and Vi(s). The capacitor
is uncharged at ¢ = 0, and the arvow in Fig. 5 indicates the positive direction of
current through the capacitor.

3) Answer the following questions regarding the circuit in Fig. 5.
2
(a) Express Vi(s) using Va(s).
(b) Define the step funtion u(t) as

Express v4(t) as a function of ¢ when v3(t) = u(t). Moreover, draw its
outline over 0 <t < 2R,C.
(¢) Define the ramp funtion r(¢) as
o) = {o (t<0)
t (t>0)
Express the current flowing into the capacitor, i(¢), as a function of ¢ when
v3{t) = r(t). Moreover, draw its outline over 0 < ¢ < 2R,C.

(4) We connect the output of the circuit in Fig. 1 to the input of the circuit in Fig. 5
and drive it under the condition in Question {2)-(b). Answer the following
guestions regarding the output v, (t) when RyC > T

(a) Obtain thé values of vy(r), vs(%), va(m + ), and vy (7).

(b) After a sufficiently long time ¢ 3> 7", v,{t) approaches the average vy while
showing a periodic change within the range from vy — Awv to vy + Aw.
Express vy and Av using T, 7, Ra, and C based on the approximation of
the exponential function e™® ~ 1 — z for a sufficiently small quantity

T
T =ga K 1.
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Problem 3

Consider the feedback control systems depicted in Figs. 1 and 2. Here, P(s) and
I{(s) are the transfer functions of the plant and the controller, respectively, and are
the same for the systems in Figs. 1 and 2. Specifically, we set P{s) = Pi(s), and let
Pi(s) and K (s) be as follows:

9 —
0(1 —s) ,K(s)=a+£

Fis) = {(s-+1)(s-+20) s

where o and § are constant parameters. Moreover, r is the reference, w is the control
input, and ¥ is the output. In Fig. 2, the transfer functions of the feedforward
controllers F'(s) and H(s) are given as follows:

l~s s+1
“(s) = H(s) = :
() s+ 10° (5) s+ 10
H{(s)
r o 1 Yy r + | u v
—H'T-‘ K(s)[—| P(s) F(s) L_T—‘ K(s) - P(s)
Fig. 1 Iig. 2

Answer the following questions.

(1) (a) Find the transfer function 7i(s) from 7 to y in Fig. 1 and the transfer
tunction T3(s) from r to y in Fig. 2.

{b) Find the conditions on ¢ and S for each of the closed-loop systems in
Figs. 1 and 2 to be stable.

(c) For each of the systems in Figs. 1 and 2, when the conditions in Question
(1)-(b) are satisfied, find the steady state value of the output y for the case
where the reference r is a unit step signal.

(2) (a) In Fig. 2, when we set o = 8 = 0, find the time response of the output y
for the case where the reference r is taken as a unit step signal.

(b) The plant P(s) possesses a property which is known to make its control
difficult. Explain how this property affects the step response obtained in
Question (2)-(a).

(Continued on the next page)
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3) (a)

Regarding the plant P(s), in what follows, we consider Pi(s) to be the
actual system containing uncertainties while during the control system
design, we use as its simplified model

1—3s
s4+1

Fy(s) =

For H(s) in the system of Fig. 2, we have assumed Fy(s) to be the model
of P(s) and have set H(s) = F(s)/Py(s). Explain what the objective is
to use the structure of Fig. 2 as a control system after finding the transfer
function of the control system when the plant coincides with the model,
that is, when we set P(s) = Py(s). Moreover, explain the differences from
the system structure in Fig. 1 and the differences i the properties of the
closed-loop systems.

Explain whether the properties that the step response has as described
in Question (2)-(b) can be removed by feedback control and also what
constraints such properties impose on the design of the system in Fig. 2
described in Question (3)-(a).

Consider the feedback control system that has the open-loop transfer function given
as follows:

K
Ls) = o7 1)(2s 1 1)

where the gain / is a positive constant. Answer the following questions.

(4) (a)

Draw the Nyquist plot and find the region for the gain K such that the
closed-loop system is stable. When drawing the Nyquist plot, indicate
the coordinates of the intersections with the real and Imaginary axes and
the angular frequencies at those points. Moreover, if the Nyquist plot
asymptotically approaches any lines, indicate them.

Find the region of K such that the phase margin of the feedback system
is more than or equal to 45 degrees.

The bandwidth of this feedback system is about the same as the gain
crossing frequency wg.. Find an equation that Wy satisfies using K, and
then explain how the bandwidth changes as the gain K is taken Jarger,
and how this affects the performance of the feedback system.
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