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Problem 1
Let X be {a,b}. For words wy,wy € ¥* over X, we define wy ® wy C ¥* by:

wy @ wy = {vy V1 |

E>0Aay,...,ax € XAV, ..., V41 € AWy = 010102 -+ - VgAgUp+1 A W2 = ag -+ - ag}.

In other words, w; ® wy denotes the set of words that can be obtained from w; by removing the
subsequence wy. For example, abababa ® bb = {aaaba, aabaa, abaaa}.
For languages L1, Ly C X* over X, we define L1 © Ly C X* by:

Lic Ly = U w1 O wa.

w1 €L1,wa€ L2
For example,
{abab,ab} & {aa,b} = (abab ® aa) U (abab ® b) U (ab ® aa) U (ab ® b) = {bb, aab, aba, a}.
Answer the following questions.

(1) Compute {ababa,abb} & {ab, bb}.

(2) Let Lo be the language denoted by the regular expression (ab)*. Express Ly © {aa} as a

regular expression.

(3) Let L; and Ly be the languages over 3 accepted by deterministic finite automata A; and
Ag respectively. Show how to construct a finite non-deterministic automaton that accepts
L1 © Ly by using A; and As. Here, you may use e-transitions.

(4) Answer whether the following proposition is true or not. If it is true, then give a proof outline
(it is sufficient to show how to construct a context-free grammar that generates L © Ly with
a brief explanation); otherwise, give a counterexample with a brief explanation.

Proposition. For all languages Ly and Lo over %, if L; is a regular language and
Lo is a context-free language, then L1 & Lo is a context-free language.
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Problem 2

Answer the following questions on paging in operating systems. Assume that virtual addresses

use byte addressing, and that the page table has a single-level structure. Assume that all page

frames and TLB entries are initially empty. You may ignore the time required for any operations

not explicitly defined.

(1)

For each of the following configurations, calculate the total number of pages in the virtual
address space, the total size of the page table, and the number of page table entries (PTESs)
that can fit in one page. Assume that v > p > s > 1.

(a) Virtual address space: 16 bits, page size: 256 bytes, PTE size: 2 bytes
(b) Virtual address space: 24 bits, page size: 4096 bytes, PTE size: 4 bytes
(c) Virtual address space: v bits, page size: 2P bytes, PTE size: 2° bytes

For the following page reference string, calculate the total number of page faults for each of
the cases where the number of page frames is 3 and 4. Assume that the page replacement
algorithm is First-In, First-Out (FIFO).

2,4,7,5,2,4,82,4,7,5,8,1,6,3

Consider a configuration where the number of page frames is 8, and the page replacement
algorithm is FIFO, with the addition of a Translation Look-aside Buffer (TLB). Assume that
the TLB is fully associative with 4 entries, and that it uses the Least Recently Used (LRU)
replacement algorithm. The access times are 10 ns for the TLB and 100 ns for memory. The
page fault handling time is 1us. When the page reference string is the same as in Question
(2), answer the following questions.

(a) Calculate the number of TLB hits.

(b) For each of the possible combinations of TLB hit/miss and the presence or absence of
a page fault, calculate the time required for a single memory access. Assume that page
fault handling involves only loading the page, updating the page table, and flushing the
corresponding TLB entry, after which the access restarts from the TLB lookup.

(c) Calculate the effective memory access time to three significant digits.

Consider a configuration based on Question (1)(a), where the number of page frames is 4 and
the page replacement algorithm is FIFO, with the addition of the TLB described in Question
(3). Assume that the TLB access time, memory access time, and page fault handling time
are the same as in Question (3). In this case, calculate the effective memory access time
to three significant digits when accessing the following virtual addresses (in hexadecimal) in
order.

0x000, 0x100, 0x200, 0x300, 0x050, 0x150, 0x400, 0x200
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Problem 3

Consider a pipeline processor P that issues up to one instruction per clock cycle. P consists

of the following five pipeline stages: instruction fetch (IF) stage, instruction decode (ID) stage,

execute (EX) stage, memory access (MA) stage, and write back (WB) stage. P has a register file of

four registers x0, x1, x2, and x3 and reads the register file in the ID stage. P has a forwarding

unit that delivers data from a pipeline register between EX and MA stages and a pipeline register

between MA and WB stages to the EX stage. P stalls for one clock cycle when the next instruction

of a load instruction uses the load result, due to the load-use data hazard. P will not stall for any

other reasons.

Answer the following questions.

(1)

Suppose that the number of executed instructions was N for the execution of some program
S on P running at the maximum clock frequency. Suppose also that, among all the executed
instructions, the proportion of load instructions was Ry, and among all the load instructions,
the proportion of those whose load result was used by the next instruction was Ry. The
delay of each pipeline stage of P is as given below, and the delay of circuits across pipeline
stages, such as the forwarding unit, is negligible. Express the execution time 7" in terms of
N, Ry, and Ry.

IF stage: 360 picoseconds

ID stage: 320 picoseconds

EX stage: 400 picoseconds

MA stage: 360 picoseconds

WB stage: 160 picoseconds

The register file of P is implemented using an SRAM with 4 rows, each containing 4 bytes.
The address decoder of the SRAM is a 2-bit decoder circuit with an enable input, which
outputs a one-hot signal according to the 2-bit row-address input. Note that the circuit
outputs a one-hot signal when the enable input is 1; otherwise all the outputs are 0. Design
the address decoder circuit. You may use only NOT gates, 2-input NAND gates, and 2-input
NOR gates. The number of NOT gates should be at most four, and the total number of
2-input NAND gates and 2-input NOR gates should be at most eight.

In the forwarding unit, we use a comparator circuit that outputs 1 if two 2-bit input values
are the same and outputs 0 otherwise. Design the comparator circuit. You may use only
NOT gates, 2-input NAND gates, and 2-input NOR gates. The number of NOT gates should
be at most four, and the total number of 2-input NAND gates and 2-input NOR gates should
be at most seven.

Explain the reason why the load-use data hazard occurs although P has the forwarding unit.
Explain also what problem is caused if P has no forwarding unit, using an example of an
instruction sequence that causes the problem. Describe the behavior of each instruction used
in the example.
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Problem 4

Consider an array A = [a1, a9, ...,a,] consisting of n integers. Assume that each element in A

can be accessed in constant time. Assume that addition, subtraction, multiplication, division, and

comparison of two integers can be done in constant time. You need not consider overflows of these

operations.
We define ng) (0<k<n-—1, 1<i<n-—k) by induction on k, as follows.

DY = q; (1<i<n),

)

(1<k<n-1,1<i<n-—k).

Answer the following questions.

(1)

(2)

Assume that n > 5. Show the coefficient of a; 3 when Dl@ is expressed with a;, a;jy1,..., @15
for any ¢ such that 1 <7 <n —5.

Assume that n > 1. Assume also that
DZQ) <0

holds for all the integers ¢ (1 <i < mn — 1). Assume also that a; > 0 and a,, < 0. Show an
O(logn)-time algorithm that can find the integer i (1 < i <n — 1) such that a; > 0 > a;4;
holds. You can use a pseudocode.

Assume that n > 2. Assume also that
DZ@) <0

holds for all the integers i (1 < i <n — 2). Show that the maximum element in the array A
(i.e., maxj<ij<p a;) can be computed in O(logn) time. Note that the assumptions in question
(2) may not hold in this question.

Consider an integer constant ¢ (¢ > 3) that is independent of n (i.e., ¢ = O(1)). Assume that
n > c. Assume also that
(o)
D <0

holds for all the integers ¢ (1 < ¢ < n — ¢). Show that the maximum element in the array A
can be computed in O(logn) time. Note that the assumptions in questions (2) and (3) may
not hold in this question.

11
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