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(1) Do not open this problem booklet until the start of the examination is announced.

(2) Choose and answer 2 problems out of the following 6 problems. Use one answer sheet for
one problem. '

(3) Do not take the problem booklet or any answer sheet out of the examination room.
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Problem 1

Assume that we have a sequence of 2-dimensional vertices V = [v1,22,...,v™ (n > 3), v* =
(Ufc,v;) in an orthogonal coordinate system. Let M be the polygon surrounded by the edges

constructed by connecting the adjacent vertices ot pit] (1 <i<n—1)as well as the last and

first vertices v™, v1. The polygon M may not be convex. Assume that the edges meet only at their
endpoints, and that v* # 7 holds for all 4,7 (1 < ¢ < § < n). Assume also that no three vertices

among ?Jl, v

(1)

(2)
®)

2 ...,u™ lie on the same line. Answer the following questions.

Explain a method to judge whether the orientation of the vertex sequence is clockwise or
counterclockwise. We call the orientation of a vertex sequence [(1,0), (0,1),(-1,0),{0,—1}]
counterclockwise. ‘

Give the area of the polygon M as an expression of V’s coordinates v = (v, “13) (1<i<n).

Assume that a new vertex p = (pz, py) is given. Explain a method to judge whether the

‘vertex p is inside the polygon M or not. You need not consider the case where the vertex p

is on the boundary of the polygon M.

Consider a process of dividing the interior of the polygon M into triangles by adding edges
between some of the vertices of the polygon M so that the new edges are inside the polygon
M, and do not intersect. Give the number of triangles as an expression of n. Prove that the
expression is valid for any n 2 3. ‘ ‘

Assume that two vertex sequences V and U with equal length are given. We apply a linear
transformation A to V so that the distance between the resulting ¥V and UV is minimum. Here,
the distance between V and U is defined as 30 {(9% — u})? + (0% ~ u})?}, where A(v*) =
(g, Ty). - Give such a linear transformation A as an expression of V' and U’s coordinates
vt = (Ui,vg),ui = (u;,u;) (1<i<n).
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Problem 2

The probability density function of the normal distribution with mean p € R and variance v > 0

is given by
1 (z - #)2)
)= —exp| ——--—"1.
g e
Let X1, Xo,...,X, be random variables that independently follow this distribution, where n is an

integer no less than 2. Consider the estimation of (u,v) based on loss function L(u,v) given by

(s L 2
L{g,v) = Z (Q_(zv_ﬂf) +logv) + %,

i=1

where log is the natural logarithm and the regularization parameter A is a positive real number.
Let (2,7) be the value minimizing the loss function L{y,v}. Answer the following questions.

(1) Express (fi,9) using n, X1, Xa,..., Xp, and A,
(2) Obtain the expectations of £ and 9.

(3) Let n = 3 and consider an orthogonal matrix A and a random variable ¥ = (Y1,Ys,Ya)T
that are expressed as

1 1 1
, Vi VB V) b§i X1
A= % 0 a |, Y=[¥i=A4A|X],
% b ¢ Y Xa

for some real numbers a,b and c.

(i) Obtain the values of a,b and ¢. . 7
ii) Express ?‘= X; and %_, X? using Y1,Ys and V3.
. i=1 i=1 " :

(iif) Show that © and 2 are independent to each other. You may use the following facts.

e Y follows a trivariate normal distribution with mean vector py = A(u, i, p) and
covariance matrix Vy = vAAT.

e The probability density function of ¥ for y = (y1,72,y3) " € R is given by

g(y) = —(\/ﬁ exp (—%(y — py) Vyty - w)) ,

where det V3 is the determinant of Vy-.
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- Problem 3

Let z be a non-negative real number, and let f be a recursive funetion (i.e., computable function)
from natural numbers (i.e., non-negative integers) to natural numbers. The expression f | & means
that f is total and [z — f(n)/2"| < 1/2" holds for any natural number n. A non-negative real
number z is called computable if there exists a recursive function f that satisfies f | . Answer
the following questions.

(1) Show that /2 is computable.
(2) Show that there exists a non-negative real number that is not computable.

(3) Show that if there exists a recursive function f that satisfies f | z, then there exists a
recursive function g that satisfies g | z2.

(4) For a unary function parémeter , a function h is called a w-recursive function if & can be
defined by function composition, minimization and primitive recursion with ¢ as a basic func--
tion in addition to constants 0 and 1, addition (+) and projection functions (p3 (M1y.ver M) =
ng, @ and § are natural numbers and 1 < § < «). The expression hy denotes the recursive
function obtained by replacing ¢ with a unary recursive function f in the definition of A.
The function H from non-negative real numbers to non-negative real numbers is defined as

'_,‘0 (z=0)
H(m)_{l (z > 0)

follows.

Show that there exists no w-recursive function h that satisfies the following condition.

For any f and z, f | = implies hy | H(z).
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'Problem 4

Consider a microprocessor that processes each instruction in the following four stages.

Fetch Fetch an instruction from memory.

Decode | Decode the instruction and read the specified registers.
Execute | Perform ALU or memory operations.

Write Write the result to the specified register.

Answer the following questions. Assume that the processing time required.for each stage is
5 x 10710 seconds in questions (1) and (2).

(1) Obtain the execution time per instruction on this microprocessor. Also, obtain the through-
put of this microprocessor (the number of instructions processed per'second). Assume that
each instruction always requires the four stages, and the next instruction is fetched only after
the four stages are completed.

(2) The pipelining method is used to increase the throughput of a microprocessor. Explain how
the above four stages are executed by the pipelining method. Also, obtain the throughput
of this microprocessor under the assumption that the pipelining method works ideally.

(3) If pipeline hazards occur, the pipelining method may not work ideally. Explain the following
three types of pipeline hazards. ' ‘

e Structural hazard
¢ Data hazard

» Control hazard

{(4) The loop unrolling method is used to avoid pipeline hazards to some extent. Explain what
is the loop unrolling method, and how it avoids pipeline hazards.

11
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Problem 5

Suppose that A is an n dimensional positive-definite real symmetric matrix. Answer the following

questions.

(1)

An n dimensional real lower triangular matrix L whose diagonal entries are all positive can

(a0

where A1, £, and L(!) are a positive real number, an n — 1 dimensional real vector, and

be expressed in a block form,

an n — 1 dimensional real lower triangular matrix whose diagonal entries are all positive,
respectively. Using this expression, reduce the Cholesky decomposition of A, A = LLT, to
the Cholesky decomposition of an n — 1 dimensional real symmetric matrix. Here, you need
not show that we may assume A; to be a pésitive real number. You need not show that the
obtained n — 1 dimensional real symmetric matrix is positive definite, either. ‘

Using the Cholesky decoxﬁposition, construct a direct method to solve a system of linear
equations whose coefficient matrix is A.

Prove that the (1, 1)-entry (the entry‘in the first row and first column) of A is a positive real

number.

Using the result of question (1), answer the total number of the four arithmetic operations
(+, —, x, /) required for the Cholesky decomposition of A in the form of ¢ x n?, where ¢ and
p are constants. Note that this form means that the obtained number of operations may
include an error which becomes relatively negligible when n — 00. In addition, suppose that
the number of the four arithmetic operations required to compute a square root is a constant.

13
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‘Problem 6 -

Consider the following decision problems A, B and C.

A: A problem to determine whether there exist integers i, 7 (1 € ¢ < j < n} such that s;+s; = ¢,
for a given sorted array of n different integers S =[s1,82,...,8n) (81 <2< ...< 8y) and a
fixed constant c.

B: A problem to determine whether there exist integers 4,5,k (1 € ¢ < j < k < n) such that
ti + t; +tr = 0, for a given set of n different integers T' = {f1,t2,...,ta}-

C: A problem to determine whether there exist integers 4,7, & (1 € 7 < j < k < n) such that
three points (z;, 1), (€4, ¥7), (&, yx) € P are on the same line, for a given set of n different
points P = {(x1,41), (2,32), ..., (Tn, Yn)} represented by an orthogonal coordinate system,
on the 2-dimensional Fuclidean plane. ' '

Answer the following questions.

(1) Show an algorithm that solves decision problem A in O(n) time.
(2) Show an ralgorithm that solves decision problem B in O(n?) time.

(3) Suppose that three points (a,a?), (b,%), (c,c®) represented by an orthogonal coordinate
system, on the 2-dimensional Euclidean plane, are on the same line, where a, b and ¢ are
different real numbers. Express ¢ using ¢ and b.

L4
{4) Prove that there exists no algorithm that solves decision problem C in O(n) time, under the
assumption that there exists no algorithm' that solves decision problem B in O(n) time.
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