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Problem 1

" Alanguage L C ¥* over a finite alphabet T is said to be regular if there exists a finite automaton
A such that L = L£(A). Here '

L(A) = {w € Z* | w is accepted by A} .
Answer the following questions.

(1) We fix an alphabet ¥ by £ = {a,b}. For the language L; below, i)resent a nondeterministic
finite automaton (NFA) A; such that: £(A;) = L1, and the number of states of A; is not
greater than 4.

Ly = {w € X" | there is a character ! € I that occurs more than once in w}
(2) Assume that X is a finite alphabet. Prove the following: any finite language L = {wy,...,wp} C
3* is regular. Here n is a nonnegative integer.

(3) We fix an alphabet £ by £ = {a,b}. For the language L; in Question ('1), present a deter-
ministic finite automaton (DFA) A, such that: £(A3) = Z* \ L1, and the number of states
of Ag is not greater than 5. Here X* \ L; denotes the complement of L; C ¥*.

(4) Give a decision procedure for the following problem, and explain it briefly.

Input nondeterministic finite automaton .A.

Output whether the language £(.A) is an infinite set or not.
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Problem 2

Suppose that we are given an undirected graph G where each edge is associated with a cost.
A minimum spanning tree is a subgraph of the graph such that: it connects all the vertices; it is
a tree; and it takes a minimum total cost. The following pseudo code (Algorithm A) shows an
algorithm to compute a minimum spanning tree. We let the numbers of vertices and edges of G
be denoted by V' and E, respectively.

Step 1. Choose an arbitrary vertex and let G’ be the subtree of G consisting of only that
vertex.

Step 2. Choose an edge with a minimum cost, out of (a) , and add the edge and
its end vertices to G’.

Step 3. Repeat Step 2 until G’ contains all the vertices of G.

Answer the following question.

(1) Answer an appropriate phrase that fills m above.

There are multiple ways to implement Algorithm A. Specifically, computation time differs
depending on how to find an edge with a minimum cost in Step 2.
Answer the following questions.

(2) Suppose that G is dense (V2 ~ E) and given as an adjacency matrix. Explain a time-efficient
implementation of Algorithm A in this case.
Answer also the time complexity of the implementation, and explain why.

(3) Suppose that G is sparse (V =~ E) and given as adjacency lists. Explain a time-efficient
implementation of Algorithm A in this case.
Answer also the time complexity of the implementation, and explain why.

(4) Show that the graph G’ obtained using Algorithm A is a minimum spanning tree of the graph
G.
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Problem 3

Answer the following questions regarding sequential logic circuits. Assume that the clock is an
ideal rectangular wave without skew, and that the gate delay is short enough compared with the
clock cycle.

(1) Choose one from D flip-flop, JK flip-flop a.ﬁd T flip-flop, and explain how its output is
determined by the clock, the inputs and the internal state.

(2) Design and depict a circuit ALT, whose output toggles between 0 and 1 every clock cycle as
.Allustrated below. You can use the flip-flop you have chosen in Question (1), and the AND,
OR and NOT gates.

Clock _[ L[ LT L_J 1[I
Outputof ALT _[ L [ 1 [~

(3) Design and depict a circuit that sorts 8 integers, each of which being a 4-bit unsigned integer,
by the bubble sort algorithm. The inputs and the outputs of the sorting circuit are as follows:

(i) Inputs Iy, I, ..., I7. Each of them is a 4-bit unsigned integer.

(ii) 1-bit input L.
(iii) Outputs Op, O1, ...,07. Each of them is a 4-bit unsigned integer.
(iv) 1-bit output V.

The sorting circuit should work as follows.

(a) When L is 1, the inputs I, 1, ..., I7 are stored using 32 flip-flops. Those stored data
are regarded as eight 4-bit unsigned integers, and called vg,v1, - . ., v7 in the following.

(b) After L becomes 0, in the first clock cycle, the circuit compares vp and v1, and if vp > v,
’ then it swaps them, and otherwise it keeps them. The same operations are applied to
the three pairs (v, v3), (v4,vs) and (vs,v7). The new values of vg,v,. .., v7 are output

to Oy, 01,...,01. )

(c) In the second clock cycle after L becomes 0, the circuit compares v; and vq, and if
' v1 > v, then it swaps them, and otherwise it keeps them. The same operations are
applied to the two pairs (v3,v4) and (vs,vs). The new values of v, v1, ..., v7 are output

to Op, 0y,...,0.

(d) The circuit repeats steps (b) and (c) while L is 0. If no swap of values happens for two
consecutive clock cycles that execute (b) or (c), V is set to 1, and otherwise V is set to
0. '

You can use the following circuits in your design: the flip-flop you have chosen in Question (1),
the ALT circuit you have designed in Question (2), 4-bit comparator CMP, 4-bit 2-to-1
multiplexer MUX, and the AND, OR and NOT gates.
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Problem 1

Answer the following questions.

(1) Express each of cos(a + 8) and sin(a + 8) with cos(e), sin(a), cos(8), and sin(B).
(2) Suppose 0 < a < 7/2. Express each of cos(a/2) and sin(e/2) with cos(a) and sin(a).

(3) Suppose 0 < o < 7/2. Consider computing each of cos(a/2) and sin(a/2) using cos(a) and
sin(a) with finite precision, by the expressions obtained in Question (2). Is there a risk of
losing significant digits when « is close to zero? If there is, improve the expressions to avoid
this loss.

(4) Suppose that o is expressed as ’2—'211\;1 b;2~%, where N is a natural number and bi (=
1,2,...,N) is either 0 or 1.

(a) For n = 1,2,...,N, we define o, = Y7 527", Give expressions to compute
cos(an+1) and sin(ap41) using cos(ayp,) and sin(ey,), forn=1,2,...,N — 1.

" (b) Give an algorithm to compute cos(a) and sin(a) using only the four arithmetic opera-
tions (+, —, X, /) and the extraction of square root (,/ ).

(5) We define cosh(a) = €££= and sinh(e) = £5£~. Suppose that 0 < z < 1 and z is
expressed in a binary representation with finite precision. Design an algorithm to compute
cosh(zlog, 2) and sinh(z log, 2) using only the four arithmetic operations (+, —, x,/) and
the extraction of square root (,/ ), and describe an outline of the algorithm.
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Problem 2

We say that a binary relation R C S'x .S on a set S satisfies the diamond property if the following
condition holds:

Vr,y,2€ 8. (ZRyAzRz Ay # 2= Jw € S. (yRw A 2Rw)).

A binary relation R on S is said to satisfy confluence if the reflexive and transitive closure R*
of the binary relation R (i.e., R* is the least relation such that (i) R C R*, (ii) Vz € S. (zR*z),
(iii) Vz,y,2 € S. (zR*y AyR*z = £R*2)) satisfies the diamond property.

A binary relation R on S is said to satisfy weak cbnﬂuence if the following condition holds:

Vz,y,z € S. (tRyAzRz = Jw € S. (yR*'w A 2R w)).

For example, R = {(a,b), (a,¢), (b,d), (c,e), (d,e)} satisfies confluence and weak confluence, but
does not satisfy the diamond property. Answer the following questions.

(1) Give an example of a binary relation on the set {a,b, ¢,d} that satisfies weak confluence but
‘not confluence.

(2) Prove that, for every set S and every binary relation R on 3, if R satisfies the diamond
property, then R also satisfies confluence.

(3) Prove that, for every set S and every binary relation R on §, if R satisfies weak confluence
and also if there is no infinite sequence zoRz;RzoR - - -, then R satisfies confluence.

(4) Prove that, for every binary relation R on the set {a, b,c}, if R satisfies weak conﬂuehce, R
also satisfies confluence. ‘
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Problem 3

Given a sequence A : a1, az, . . ., ap of pairwise distinct numbers, a sequence ac,, ac,, . - . , G, With
1<ea <e2<:-<cp <niscalled a subsequence of A. A subsequence ac,,ac,, ..., ac, is called
an increasing subsequence if ac; < ac; holds for all 4,5 such that ¢ < j. Similarly, it is called a
decreasing subsequence if ac, > ac; holds for all 4, j such that ¢ < j.

Answer the following question.

(1) For the sequence
Ap: 5,2,3,9,6,8

show its longest increasing subsequence.

Given a sequerice A : a;,as,...,a, of pairwise distinct numbers and an integer i such that
1<i<n, consider the set S; of increasing subsequences of A whose last element is a;, and let ¢;
denote the length of a longest element of S;. For example, for the sequence Ag in Question (1) we
have Sy = {(9), (5,9),(2,9),(3,9),(2,3,9)} and £4 = 3.

Answer the following questions.

(2) For the sequence Ay in Question (1), compute ¢1, £2, £3 and ¢, 4.

(3) Given a sequence A : aj,ay, ..., a, of pairwise distinct numbers, let £ denote the length of a
longest increasing subsequence. Using ¢; that is defined above, we let dp, denote the number
of i’s such that £; = m. Show that there exists m such that d,, > n/¢.

(4) In the setting of Question (3), the length of a longest decreasing subsequence of A is not
smaller than n/¢. Show this fact.

(5) Every sequence of pairwise distinct numbers of length n has, either: an increasing subsequence
of length not smaller than /n; or a decreasing subsequence of length not smaller than /n.
Show this fact.



& 4
RIKRTE2D/RLADR Y P a—Y) Y /B 2EZ %, ARKICET#ELZ70LRIZ120

AT,

T ADAIVFXA PR Y FIChIrBRBERTELZLDLETS, £, &E7/0kRD

MRS b HRc b o THEHDET 3, bwﬁETmhém BOBIHAEE 2 KR,

£ 1: 5207 0¥ ADTNERA & NIRRT

VAL D3 A B C D E
BAOBERA |03 VH [0V |40V |40Z YR (80 VYR
LIRS QOIYPH|103VB|(503IVB|(303VF | 203V

£ 2: COMBETHYHEDFHA
Y=r739 Y FRHE | 70 2A0BE»SETRT FCORM (FHRHE2EY)

el 70 ANEFTUEF 2 —CR a5 DRIE
&R 70t A DEEH 5 KITHMN E TORMN

BTomwicEZ X,
(1) First Come First Serve HE#HZ > TRy P a—) v 793860 ¥H Y —» 757~ FIEHE,

PR b RE, FIIRERRZRD X,

(2) /¥ 7Y 275 4 7% Shortest Job First A#HCESTAY P2 —Y) v 7T B{EDFH Y —

Y777 FNE, FFLRHR, HOnEREzRo &,

@)791/7747&8@mwﬂdﬂhmﬁﬁk%orx#/a—v/7?6%A®¥%9 v

779 v PR, VbR, VORERMEZRD k.

@)74Az§4zﬁmsu@?bammmmmmﬁﬁm%orx&v;—uVﬁ?%%ﬁ@¥

(5)

¥y—r779 FKHE, FHFLER, PEOREREZRO L. B, Y4L52X54 201
YEZIZA, B, C, D, EQEREL, REDT0L AN L ARG RAEET]S dot
BERHBIZROTOCADT L ARTL ADBBINZDDLETS,

R1D5O2DT 0 ADTAICBIE T 2BEE2EZLS, E7ULAORIOBERANIRL
DEFERAL L, ZOBRRICTIIERCRVELAET2b0L T3, oLs, 7Y

" X774 7% Rate Monotonic FHICHES TR L a—Y Y FT3LFY FI4 v I AME

:6.%@@?wF94stﬂﬂcaﬁ%¢%®7nhx%%$®i.

::ﬁIhmMmmmmﬁﬂkm%%@ﬁmfntxéﬁﬁﬁﬁm?éx7vn—Uéﬁﬁ
#HehHs, RMBEIL 7o A0, ZICHABELLZ70LADE) NEEEEICLSD

T DETB, Fle, TYFIAVIRLBAMT 0 RORTHROBERA X TICET TER

WHERZET.

% 3: 5207 uv ADFENE (FH)
7at R A B C D E

FIERE (M) (200398 (1003|4003 YR 1003V (1003 VP

10



Problem 4

Consider the problem of scheduling the five processes shown in Table 1. Assume that only one

process is allowed to be executed at any instant, and the overhead of process context switches can
be ignored. The execution time of each process is also known a priori. Table 2 summarizes the
technical terms used in this problem.

Table 1: Arrival time and execution time of the five processes
Process A B C D E

Arrival time Oms |30ms |40 ms | 40 ms | 80 ms
Execution time | 90 ms | 10 ms | 50 ms | 30 ms | 20 ms

Table 2: Technical terms used in this problem

Turnaround | Time interval from the arrival of the process to the completion of its execution
time (including the waiting time)

. Waiting time | Total amount of time for which the process is waiting in the ready queue

Response time | Time interval from the arrival of the process to the beginning of its execution

Answer the following questions.

(1)

(2)

3)

(4)

(5)

Answer the average turnaround time, average waiting time, and average response time when
the processes are scheduled according to the First Come First Serve policy.

Answer the average turnaround time, average waiting time, and average response time when

the processes are scheduled according to the non-preemptive Shortest Job First policy.

Answer the average turnaround time, average waiting time, and average response time when
the processes are scheduled according to the preemptive Shortest Job First policy.

Answer the average turnaround time, average waiting time, and average response time when
the processes are scheduled according to the Round Robin policy where the time slice is
20 ms. Note that time slices are switched in the order of A, B, C, D, E, and that the next
time slice starts immediately when the current process does not exhaust its time slice.

Consider the scenario that the five processes shown in Table 1 arrive périodically. The arrival
time of the first instance of each process is the arrival time shown in Table 1, and its following
instances arrive repeatedly at the constant interval shown in Table 3. If these five processes
are scheduled according to the preemptive Rate Monotonic policy, deadline misses occur.
Answer when (at what time) the first deadline miss occurs, and to which process it occurs.

Here the Rate Monotonic policy is a scheduling policy that assigns higher priorities to pro-
cesses with shorter periods; in case the periods are the same, higher priorities are given to
processes that arrive earlier. A deadline miss is an event that a periodic process fails to

‘complete its execution before the arrival of its next instance.

Table 3: Inter-arrival time (period) of the five processes
Process A B C D E |

Inter-arrival time (period) | 200 ms | 160 ms | 400 ms | 100 ms | 100 ms I
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Problem 5

Consider the probability density function of the one-dimensional normal distribution with mean
p and variance o3

1 1
N((L‘ I My 0(2)) = \/27r—0_gex1) <_ﬂ(x - #)2> .

Let us also consider n real-valued observations; they are denoted by 1., = (z1,%2,...,Zs). We

further suppose the following.

e Each observation z; (where 7 = 1,2,...,n) is independently distributed, following the one-

dimensional normal distribution with mean p and variance o2.

e Variance o8 is known.
e The prior distribution of u is the one-dimensional normal distribution with mean mg and
variance p3..
Answer the following questions.

(1) Given an observation z1, let p(u | 21,03, mo, p3) denote the probability density function of the
Bayes posterior distribution of the random variable g. This distribution is a one-dimensional
normal distribution, and its probability density function is given by N (u | m1, p?). Express
mean m; and variance p?, using 1,08, mp and pd.

You can use the following equality:

N(z1 | p, 08) N (1 | mo, £3)
2 2y _ 9 >
p(u | 21,00, m0, P5) = SN (@1 | g, 03) N(p | mo, p3)dp

(2) Let n > 2. Given observations 1., = (1,2, .-.,Zn), let p(u | Z1:n, 03, Mo, p2) denote the
probability density function of the Bayes posterior distribution of the random variable .
This distribution is a one-dimensional normal distribution, and its the probability density
function is given by N(i | mn, p2). Express mean my, and variance p2, using n, 1., 08, mo
and pg.

(8) For the Bayes posterior distribution p(i | €1.n,07, Mo, p3) of Question (2), show that the
following equality holds:

N(@n | p,03) N (1t | mn—1,03_,)
2 2y __ n 1 Y0 n—1y Pp—1
P(I-‘ | fBl:n,Uo,mo,Po) = fN(z'n l /.L,O'%)N(/J ' mn—l,Pf,_l)dl-& .

13



RIS 6

YURIBY DER, BEAICOWTUTDLIRID2DEFAZEZS, UT, YV \2HA
LZDREIODVTRAUXFEZAVTRT LD LTS,

12HDEFNVTIE, YV 7BY B—EDEE g CERIN, —EDHA o« THEEINTVS
93 (% L.o,BRFADERLTS). Thbb, Y 7BY OBREOELY

dY
E = ﬂ—aY

ERTILILT B,
T ORIcE X &,

(1) ERRBICBITBS Y IHY OREERD &,

(2 RAt=0IKBWVT, YV "7HY @iﬁﬁéo L¥B. IOLE, YURIEY ORERF
Mt OBk LTHRE, 2ELE>0LT3,

2OBDEFATR, YU 2BY OBEY m BEOBEEREFICL->THEINTWE LT3,
ZDLE, YURIAY OBREOELZEEERTFOBE X,..., Xn 2ZAWVT
% = [IX -ar
ERT, BEL oy, Y BRADARI A= TH B,
BTORWIZEZ &,

(3) BHIRBIZBIFS logY D%, X1,...,XmBEULa,m,...,m ZAVLTEY,

4 %, X1,...,. Xn ZBEELZOTCEHERBICBIZ YV A7EY OBEZHAT 2 ER2E
25, B%3 X1,...,. X PEOTTCIORREZ n BEYET LTS, i BHOERF— %
(Y, Xi1y. ., Xim) ERT (FELi=1,...,n). CO—HOKRIZE>Ta,71,-..,Ym Z—
BICHRET 2 - DOEROEH LT, '

3OHDEFNELTRODODREZS, FVR_IEX, & Xo 13 VELICX b iEt(LT 3. 15
il X, L Xo 4%, PV RIBY 2V VBT 2. ch%

dY

dt
EEFMLT S, TIT, Xp1 & Xpo BENEFNRY VEBLLTWS Xy LY VEMEL T3 X,
DBRE, Yo LY, BZNZTHY YBELTWAWLY LU VEBEL T3 Y OREERT. XL,

Xp1 & Xpo REENCKST—EET S, %, Yo+Y,=C (KL CIEER LT3,
T ORI L k.

= 3X,1Yo +2X,2% - %,

(5) EHRBIZBWTY,/C 2105 28X 370D Xp) & Xp2 DREERD X,

14



Problem 6

On generation ‘and activation of protein Y we consider the following three models. In what
follows we designate the name of protein and its concentration by the same symbol.

In the first model, protein Y is produced at a constant speed 8 and its degradation rate o
is also constant (here a, are nonnegative real values). That is, we describe the change of the

concentration of protein Y by

dy
E = ﬂ—aY .

Answer the following questions.
(1) Find the steady-state concentration of protein Y.

(2) We set the concentration of protein Y at time ¢ = 0 to 0. Under this setting, express the
concentration of protein Y as a function over time ¢ (here ¢ > 0).

In the second model, we suppose that m types of transcription factors control the concentration
of protein Y. Let X},..., X, be the concentrations of m transcription factors. We then describe
the change of the concentration of protein Y by

dY T o
@ = X -er,
]=

where o, 71, ..., ¥m are unknown parameters.
Answer the following questions.

(3) ‘Consider a steady state. Express the value of logY in terms of X;,..., X, and a,71,. -, 7m-

(4) Consider the following experiment: we measure the steady-state concentration of Y for fixed
values of Xi,...,Xn. Using different values of X3,...,X,,, we repeat this experiment n
times. Let (¥;, X;1,...,Xim) be the i-th experimental data (where i = 1,...,n). Give an
experimental condition for this series of experiments to uniquely determine the parameters

(27  FREREYS (T

As the third model we consider the following. Proteins X3 and X5 are activated by phosphory-
lation; and activated X; and X5 phosphorylate protein Y. We describe this model by

dY;
T2 = 3XpaYo+2XpaYo— Yy

where: X, and X2 are the concentrations of phosphorylated X; and phosphorylated X, re-.
spectively; and Yp and Y), are the concentrations of non-phosphorylated ¥ and phosphorylated Y,
respectively. Here we assume that Xp,; and X2 are constant over time, and that Yo +Y, = C (C
is a constant).

Answer the following question.

(5) ‘Find a condition on Xp,; and X, 2 so that, in a steady state, Y,/C is greater than 0.5.

15
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