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Do not open this problem booklet until the start of the examination is announced.
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Answer the following 2 problems. Use the designated answer sheet for each problem.
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Do not take the problem booklet or any answer sheet out of the examination room.
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Problem 1

Let R be the set of real numbers. Given a matrix

1 -2 -1 0
A=10 1 1 1 ,
1 -3 -2 -1

define a linear mapping f : R* — R? as f (x) = Az. Answer the following questions.
(1) Determine the rank of the matrix A.
(2) Choose a basis of the kernel of the mapping f,

Ker(f) ={z € R'| f(x) = 0}.

(3) Let {py, Py, P3, P4} be a basis of R*, and let {q,, g5, g3} be a basis of R?. Let B be a 3 x 4

matrix that satisfies

(f(p1), [(p2), [(P3), f(P4)) = (q1,42,q5)B.

(a) Determine B for the case of (p;, Py, P3, P4) = 1 and (g, g, q3) = I3. Here I, represents
the identity matrix of size r.

(b) Let (p17p27p37p4) = P and (q17q27q3) = Q ];{epresent B with A7 P7 and Q
(c) Let

P =

o O =
o O = O
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Show that for some ps, p,, and @, it holds that
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P(z) = 27 exp(-))
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(1) BI%L M(t) = E.[t*], (0<t < 1) ZRkd K. TITE[] & P(x) X 2MWFRHEZRT.

(2) M(t) 2T Eylz] BEQ Byla(z — 1)] 2k k. S5ICIhS0RENPS « 0E R
WX,
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BOTIEL B 2T 5, A VARSI X DIERT BN g LT 5 L E, FRHER P(z,y)
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(4) FIRHER P(z,y) £ 0, X P(y) 2RO K. £/ Py) 1L 2 y OWIFHEE X O0HZ K
b X.



Problem 2

Assume that a culture plate contains a large number of cells, and a solution containing viruses
is put in the plate. The number of cells infected by the viruses x € {0, 1, ...} has the probability
below: )\

P(x) = o) exp(—A).
Here A is a constant such that 0 < A < co. We assume that the cells are infected by the viruses
independently. Note that

exp(A) =) as

z!
z=0

Answer the following questions.

(1) Find M (t) = E.[t*], (0 <t < 1), where E,[-] represents an expectation under the probability
P(x).

(2) Calculate E[z] and Ey[z(x —1)] by using M (t). Then calculate the variance of = from those

results.

(3) Assume that cells infected by the viruses are killed with the probability p, and that the death
of each infected cell occurs independently. Let y be the number of cells that are killed by the
virus infection. Calculate the joint probability P(z,y).

(4) Calculate the probability P(y) from the joint probability P(x,y). Then calculate the expec-
tation and the variance of y under the probability P(y).
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