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Do not open this problem booklet until the start of the examination is announced.

(2) 3ETARTCUEA K. MED LI E SN BERREZHHT2 2 L.

Answer the following 3 problems. Use the designated answer sheet for each problem.
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Do not take the problem booklet or any answer sheet out of the examination room.
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Write your examinee’s number in the box below.
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Problem 1

A Bezier curve C"(t) of degree n can be represented as

C"(t) = Zn: (Z) (1—t)"kkp,

k=0

by using a parameter ¢ € [0,1] and control points Py (k = 0, 1, ..., n). Here (Z) represents

a binomial coefficient, which is the number of the combinations of k elements out of n distinct
elements. It is defined as (Z) =1 for k =0, and (Z) =0 for k <0 orn < k. Answer the following

questions.

(1)
(2)

(3)

Represent a Bezier curve C3(t) of degree 3 by using t, Py, P, Py, and P3.

3
Represent the tangent vectors of a Bezier curve of degree 3 at the end points, W(O) and

dc?
dt
Show that it holds

(1), by using Py, Py, P2, and Ps.

n\ (n-—1 n n—1 (%)
k) \k-1 k)
Let C2(t) be the Bezier curve of degree 2 defined by the control points Py, Py, and Py; and
C% (t) be the Bezier curve of degree 2 defined by the control points Py, P, and P3. Suppose

further that C3(¢) is the Bezier curve of degree 3 defined by the control points Py, Py, P,
and Ps3. Represent C3(t) in terms of C%(t) and C3(t). Here you can use the equation (x).

Let C3(t) be the Bezier curve of degree 3 defined by the control points Py, Py, Py, and
P3. When we split C3(t) into two parts at t = tg, each of the two curves is also a Bezier
curve of degree 3. Let Q, @1, Q2, and Q3 be the four control points of the Bezier curve
corresponding to ¢ € [0,tg]. Show that they satisfy

Q, = Po,

Q, = (1—ty)Py+tyPy,

Q: = (1—10)*Po+2(1 —to)toP1 + 15 P,

Q; = (1—1t)3Py+3(1 —t0)’toP1 + 3(1 — to)t3 Py + t3P3.
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Problem 2

For nonnegative integers x and y, the Ackermann function a(z,y) is defined as follows.
a(z,y) = if x =0theny+ 1else (if y =0 thena(zr — 1,1) else a(z — 1,a(z,y — 1)) )
Let us define a similar function f(z,y, z) as shown below, for nonnegative integers x,y and z.

f(z,y,2) = if (xt=00ry=00r2=0)thenz+y+ 2

else f(a:—1,f(x,y—1,z),f(x,y,z—1))

Answer the following questions.

(1) Prove the following using induction: for any nonnegative integers x,y and z, the value

f(x,y, z) is well-defined.

(2) Let z,2’,y and 3 be arbitrary nonnegative integers. Prove the following.

(a) y <y implies a(z,y) < a(z,y’).
(b) = < ' implies a(z,y) < a(’,y).

(3) Prove that, for any nonnegative integers z,y and z, we have

ale+2,y+2)
< — .
f(x7y7z)— 2
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Problem 3

Consider the problem of encoding a character sequence into a bit sequence.

(1)

Consider the following five possible encodings (i...v) of a character sequence consisting of
three characters (a, b, c). For each encoding, answer whether it is possible to uniquely
reconstruct the original character sequence from a bit sequence that encodes a character
sequence. In addition, explain the reason when it is possible, or give a counterexample when

it is impossible.

i i | il | iv v

al 10 [ 1 (10| 1 | 110
b| 101 ]| 10| 11| 10 | 10
001 | 01 | 01 | 100 | 101

Consider the encoding of a character sequence consisting of five characters (a, b, ¢, d, e).
Answer the minimum number of bits per character required for the encoding when using a

fixed length binary code.

Huffman code is known as an efficient variable length encoding scheme. Give a Huffman code
for a character sequence consisting of 5 characters (a,b,c,d,e), which occur independently with
probabilities 0.35, 0.25, 0.2, 0.15, and 0.05. Explain the process using figures.

Give the average bit length per character encoded using the Huffman code given in the

previous question.

Show pseudo code for computing a Huffman code. Represent the set of characters with X

and the probability of occurrence of a character ¢ with p(c).
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