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Answer the following 4 problems. Use the designated answer sheet for each problem.
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Problem 1

Let {x, € R?}, {y, € R3} (n = 0,1,...) be sequences of vectors for which the following

relations hold:

Yn = Bz,
where
31 1 3 0
A= ., B=|-v2 V2|, = .
(1) v (3

Answer the following questions.

(1) Find a matrix P and scalars A; and A that satisfy A = P (i\)l ;\2) PT, where P = <Z Z)
and @ > 0, b < 0, \; > \o. Here the matrix P is the transpose of P.

(2) Find a matrix C such that @, = Cxy.

(3) Find a 3 x 2 matrix U and a 2 x 2 matrix ¥ that satisfy B = UXP'. Here U must satisfy

10
Ul = (0 1) , and ¥ must be a diagonal matrix with positive diagonal elements.

(4) Find a matrix D such that y, = Dy,_1, using the answer of Question (3).

(5) Find a matrix F such that y,, = Eyp.
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Q:=1{(v,0,0) |veV};

repeat |
Q = {(v,uw',AU{a}) | (v,w,A) € Q and (w,a,w') € E} U Q;
if Q=@Q then done else Q:=Q'

]
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Problem 2

Let L be a fixed set of labels, and let G = (V, E) be a finite directed graph whose edges are
labeled from L. That is:

e 1/ is the set of vertices; and
e FCV x L xV is the set of L-labeled edges.

We assume that L, V, E are all finite, V # (), and L # (). We denote the powerset of L by P(L).
Now let Q,Q" CV x V x P(L) be variables and consider the following procedure ().

Q:={(v,v,0) |[veV};

repeat |
Q ={(v,uw',AU{a}) | (v,w,A) € Q and (w,a,w') € E} U Q;
if Q=@ then done else Q:=(Q

]

Here repeat|c] means repeating ¢ until the command done is executed. We denote the value of @
after the execution of (%) by Quo.
Answer the following questions.

(1) Prove that the procedure (*) terminates.
(2) We wish to know whether, given two vertices v, w € V, there is a path
v=1v9 2% v 2 Py, = w
from v to w (the labels do not matter). Describe how to check it using Q.
(3) Given a label a € L and a vertex v € V, we wish to know if the following property holds.
There exists an infinite path starting from v
v =g 25 p; s
that does not contain the label a.
Describe how to check it using Q.
(4) Given a label a € L and a vertex v € V, we wish to know if the following property holds.
Any infinite path starting from v
v=1) -5 v = ...
satisfies: for any n > 0, there is m > n such that a,, = a.

Describe how to check it using Q.

(5) Describe your idea how to parallelize the computation of Q.
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Problem 3

Here we model Rubik’s Cube in the zyz-space.
We relocate cubes in the set A of 27 cubes B; ; .
(1,7,k € {—1,0,1}), from a certain initial state;

z axis

(=1.5,-1.5,1.5) |

each edge of the cubes is of length 1. bl 2 )

In the initial state, the center of a cube B jk (515 1

is located at the point (7,7, k), and every face

of each cube is parallel to one of the zy-plane, Biua

y axis
the yz-plane, and the zx-plane. For example, X — =0
. o ey . . _ X axis P B
Bi,_1,1 in the initial state is shown in the fig i 7<\\\ ______ .
ure. The position where B; ;1. is located in this “] 2l (-1.5,15,-1.5)

initial state is denoted by L; ;.

(15,-15,-1.5 ———L |

Let P, P, ..., Ps be the planes x = 1.5,z = (1.5,1.5,-1.5)
—15,y =15y = —-1.5,z = 1.5,z = —1.5, re-
spectively. A face of each cube is colored with
a color C; if the face is on plane P; in the initial state. If a face is not on any of F;, it is colored
with a color Cy. All of these colors C; (i € {0,1,...,6}) are different from each other.

Let X, denote the set of 9 cubes located at L; j (i = ¢), Yy denote the set of 9 cubes located
at Li ;1 (j =¢), and Z; denote the set of 9 cubes located at L; ;1 (k = ¢). Consider the following
3 x 3 =9 kinds of operations on the cube set A.

(ag) Rotate clockwise all the 9 cubes in X, around the z axis (y = z = 0) by 90 degrees.
(be) Rotate clockwise all the 9 cubes in Y} around the y axis (z = z = 0) by 90 degrees.
(ce) Rotate clockwise all the 9 cubes in Z; around the z axis (z =y = 0) by 90 degrees.

For example, a cube at L1 _1; will be moved to L_; _11 by the operation (b—_1). Note that the
face of the cube on the plane P will be moved to be on the plane Ps.

The positions of the cubes B; j 1., together with the colors on each face of these cubes, determine
the state of the cube set A. Note that rotations that do not change the face colors do not affect a
state. For example, the states of the cube By o before and after applying any of the 9 operations
cannot be distinguished: all the faces of By are colored by the same color Cp, and the position
of By stays the same. Answer the following questions.

(1) Let us apply two out of the above 9 operations, one after the other (the two can be the same).

How many states are possible after such applications?

(2) Consider relocation of all the 27 cubes B; ;1 (4,5,k € {—1,0,1}) to some of the positions
Li;r (i,5,k € {—1,0,1}) such that the faces with the color Cy will not be on any of the
planes P; (i € {1,2,...,6}). This time we can freely move and rotate the cubes, not bound
by the 9 operations (ay), (by), (c¢), but no two cubes should be located at the same position.
How many states are possible after such relocation? You can use notations a!, a® and x

(multiplication) in the answer, where a and b are integers (e.g. 5! x 3% x 7).

(3) Tt is known that, among all the states that are obtained by the relocation in (2), 1/(2% x 32 x5)
of them can be reached from the initial state using the 9 operations (as), (by), (c¢) repeatedly.

Prove that there exists a state that is reachable in this manner from the initial state, but

requires at least 22 applications to do so. You can use the following facts.

1.58 <logy3 < 1.59  2.32 < log,5 < 2.33 2.80 < log, 7 < 2.81
3.45 < logy 11 < 3.46  3.70 < logy 13 < 3.71 4.08 < log, 17 < 4.09
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Problem 4

Answer the following questions on dynamic scheduling of an out-of-order instruction issue,

out-of-order instruction completion processor architecture.

(1) Adopting a pipeline architecture generally does not yield performance improvement that is

proportional to the number of stages. Explain why, in 2 to 3 lines.
(2) Describe pros and cons of dynamic scheduling, compared to static scheduling, in 3 to 5 lines.

(3) An instruction queue is a buffer that holds instructions issued but not completed. Describe
the conditions to insert an instruction to the instruction queue; and the conditions to remove

an instruction from the instruction queue.
(4) Explain how instructions are scheduled during execution, using an example.

(5) Describe why high-precision branch prediction is important to improve performance of a
processor with dynamic scheduling.

11



A (blank page)
AEZ IS TH s, UDEEX7Z\wZ &, Usable for memos; do not detach.

12



A (blank page)
AEZ IS TH s, UDEEX7Z\wZ &, Usable for memos; do not detach.

13



