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Do not open this problem booklet until the start of the examination is announced.

(2) 4 EIRTICEZ L. MED L ICifES N BEMKE2 T3 2 &,

Answer the following 4 problems. Use the designated answer sheet for each problem.

(3) MREMME K OCRHEM 3R b m o v 2 &

Do not take this problem booklet or any answer sheet out of the examination room.

ThcZERE T 2 AT S L.

Write your examinee’s number in the box below.
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UM TR IEDREE n ITH L
wpn, = exp(—2mi/n) = cos(2mw/n) — isin(27w/n)

E9 5. £, 1T F, 13 (5, k) B

jk times

ik

THH2EI T nxnfTilET 2, ELBTFIE1<j,k<n z28 . I, X n ROHELITHI, O, 1
TRCOEEN 0 THE LI B nxn DFFFIET S, 75 AIHLT AT 13 A DHEEERT, M
TORWWICEZ X,

(1) m BPEOEHDEE, WP, wim win wi™ %R X,

4m> 4m

(2) nx 2n DITHN J, = (I, On) 25X 5. wik =Wk KEFEELT, J.o,P,=F, £%%k5%
P, kDX, 727201 B, IE 2n xn OIFFIT, H£INIOEOD 1 L 22n 1D 0 5% 5,

(3) P, DEHEZEVED LILF B LEb D% Q, LT3, Thby

Q) { 0 for j = 2n
n)jk =

(Pn)(j+1)k otherwise

Ths. ZDLE (P, Qn) (P Qn) = Iy %5 2 LEMRE,

= AnFo \ _ [ In An F, Oy
B,F, C,F, B, C, O, F,
E%%5X9% Ay, By, C, KD X, T2, A,, By, C, DIFERBITZNZ 0L DD,

I, A,
x
B, C,

(6) HBIEEB p I LT n=20 %2555, M (4) OXZEHEIICHG, n X7 P 2
IZR LT F,z %2 O(nlogn) TEtRET 27 L3V XL 2R,

(5) = %20 KRY P LDLF,

DEEEZ R X,



Problem 1

Define w,, as

wy, = exp(—2mi/n) = cos(27/n) — isin(27/n)
for a positive integer n. Let F), be an n x n matrix whose (j, k) element is

7k times

jk
u)jn :wn.wn.....wn .

Here the indices run for 1 < j, k < n. Let I, be the n x n unit matrix, and let O,, be the n x n
matrix whose elements are all zeros. For a matrix A, AT represents the transpose of the matrix

A. Answer the following questions.

(1) Calculate Wi , wi™, wi™ wi™ for a positive integer m.

(2) Let J, be the n x 2n matrix defined by J, = (I, O,). Find the matrix P, that gives

JnFo, P, = F,. Here P, is a 2n X n matrix, and each column of P, consists of a single 1 and

2n — 1 zeros. Note the relation w2k = wk.

(3) Let @), be a matrix defined by shifting P, upward by one element, that is,

(Qn) { 0 for j = 2n,
n)jk =

(Pn)(j+1)x otherwise.

(4) Let II,, = (P, Q). Find matrices A,,, B,, and C,, that satisfy
F, A,F, I, Ay F, Oy
Fy, 11, = = .
B, F, C,F, B, C, O, F,
Answer, for each of the matrices A, B,, C,, how many elements of it are non-zeros.

(5) For a vector @ of size 2n, answer the time complexity to compute

I, A,
xr
Bn C’I’L

(6) Assume that n = 2P holds for a positive integer p. Show an algorithm that computes F, z in

time O(nlogn) for a vector z of size n, using the equation of Question (4) recursively.
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ROEHI 77 IV 3R E25, 707702060852 P T3, di;y--- dy, DEIT
BB E AR CERT LD ET S,

p (a7 In) u=dy;-- dpe
d (BABE=R) o= f(z) {e}
e () =i EHi € {0,1} IR
| = x DIEZIRT,
| e1;ea el,e0 & ZDETIHI L, ey DIEZIERT,
| f(e) RIS L
| if (%) {e1} else {ea} €1 Xlid e ZIFPEMNTEINL CEHIIL, ZDMEZIET,
| print e e ZiltiL, Zofdie {0,1} 2L,

i ZAREOMEE L TR,

Ta7 75 p DEIET ZEGVNC K > THIIN I 2ERITFINOELEZE TplckoTEKEINDEF
FE LR, I L R WFEITINC Lo TERI NS LTI EZ 0w EICHEBEY X, #l2ERD 7
07 Lk THERINBFiEIZETH 3.

h(z) {print 1;h(x)}; h(0)

BABOEOVH U ICHERECY (call-by-value) ¥kEE %2 FI 725312 p IS X > THEBM I NS FiE% Law(D),
HAHIE (call-by-name) BIEDEEIZ p ICX > THEBRINE FiEZ Lan(p) EFL. HIZIE, DITD
VAR AN

f(@) {i£ () {z} else {w;a}}; f(print 0)
Zpo &I AL, EIFNTIEBIBTOHIL f(print 0) IZBWTHIEDEIFHII L5 DT Lepy(po) =
{0} TH 523, HAHIFOTIEE1 B0z FHl 9 2 i BIZDSIIEI 5 DT Lepn(po) = {0,00} TH 5.
PUTFOfWIZE Z K.

(1) UTFD7 077 5 p 1220 TC, Lay(pr) BEDL Lan(pr) ZRE,
f(x) {i£ (0 {a} else {z;2}}; f(f(print 0))

(2) fEFEOHRES CRIEIEOH L f(i) DIRO2 5K D j THEXRH L2 T T % £ Tollic I
D EXFINDESE Ly £33 (721 4,j€{0,1}) . UFICkoTERI NGB f, 2%
25,

fi(x) {f2(fs(x))}
Lpo1% Ly, & Ly j (i, €{0,1}) ZHwTEE,

(3) TRTDIBT T L pllOWVT, Lay(p) IXRAMEETHS 2 L2mE, (v b (2) D
% Ly 12V CHEIGL S A, ZHE L, Lop(p) 24T 2 SUIRE HCOEZ MK X))

(4) {Lewn(d) | p € P} C {Lew(p) | p € P} ZBALT 2%, BT 2745 20Bi%E, KZLAL
% & % D% R,



Problem 2

Consider the following programming language. Let P be the set of programs. The part dy;--- ;d,

in the program defines functions in a mutually recursive manner.

p (programs) n= dy;e--dyse

d (function definitions) := f(z){e}

e (expressions) n= g return the constant ¢ € {0,1}.
| =z return the value of x.
| eer

evaluate eq, ey in this order, and return the value of es.
| fle) function call
| if(*) {e1} else {ea}
choose e; or es in a non-deterministic manner, evaluate it,
and return its value.
| print e
evaluate e, print its value ¢ € {0, 1},
and then return i as the value of the whole expression.

We call the set of strings that may be printed by a terminating execution sequence of p the
language generated by p. Note that we do not consider a string printed by a non-terminating

execution sequence. For example, the language generated by the program:
h(z) {print 1;h(z)}; h(0)

is empty.

We write Lepy(p) for the language generated by p in the call-by-value evaluation strategy for
function calls, and write L¢pn(p) for the language generated by p in the call-by-name strategy. For
example, let pg be the following program:

f(z) {if(x) {z} else {z;z}}; f(print 0).
In the call-by-value strategy, the argument is evaluated before the function call f(print 0), thus
Leov(po) = {0}. In the call-by-name, however, the function is called before the argument is
evaluated, thus Lepn(po) = {0,00}.

Answer the following questions.

(1) For the following program p1, give Lepy(p1) and Lepn(p1)-
f(z) {i£(x) {z} else {z;z}}; f(f(print 0))

(2) Let Ly, ;(i,j € {0,1}) be the set of strings that may be printed from the beginning of
a function call f(i) until the end of the call with the return value j, in the call-by-value

strategy. Consider the function f; defined by:

fi(@) {fo(fs(2))}
Express Ly, 01 in terms of Ly, ; ; and Ly, ;5 (4,5 € {0,1}).
(3) Show that Ly (p) is a context-free language for every program p. (Hint: For each language

Ly, ; in Question (2), prepare a non-terminal symbol Ay;; and construct a context-free
grammar that generates Lcpy(p).)

(4) Does {Lcn(p) | p € P} C {Lebv(p) | p € P} hold? If so, explain the reason. Otherwise, give

a counterexample.
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TNT7 7y b ¥ ={ab,cdef} 5% ILFIX c T I, UTFOFEFRICEEINT
2L TR S 15 Y] ({01} DI0) & g(X) LEHL DD ET 3,

X | 9(X)
a 1
b 01
c 10
d | 001
e | 010
f 100

72 & Z1E, g(adb) = 100101 TH 2. F7, HEFY ITHL T, ZHORERENI Y I8 5 L9
%N XTI OEAE S(Y) LFHL, Thbb,

SY) = {XeX|gX)=Y}.
(1) 5(100101) Z Kk X,

(2) GO EIY I LT, S(Y)IKEYT 2 X XTI X ORSFTRATHELY, 2O EZiE
i X,

AR, &XF 2z € LI TZOHBIER p(x) Db oTED, ZN5 DLFOTH I
KBS 2 X9 %, VLR S XFINX =nzg... 2, ZHFZA D, THIIHL, R PX) %

P(z1zo...xy) == p(x1)p(x2)...p(xy)

WCEoTED S,
THEFIY IS LT, Ty LRTIN X 2R L ISR Y LB AERE PI(Y) E#HLL T
Tbib,

Xes(y)
(3) HEFR P/(Y001) %2, ROWEHR (D) B> 2D) 2 HnTHRE,
P'(Y), P'(Y0), P'(Y1), P'(Y00), P'(Y01), P'(Y10), P'(Y11) 1)
ZZTYO001 13, S Y oI S 001 RS L2 b DR ET
(4) R P'(Y101) 2, (1) DHER (D9 B 2h) 2 AW TEE,

(5) RS mO#FI Y 1T LT, ERP(Y)ZKkD27 03TV RLEXOZORHEHERZ K
~N K.

6) BRI m O MEFNY I LT, SXFIX € S(Y) DI E P(X) BRAKTH 2 X X7 % KD
27NN RALERRE (RRKDODDVEED 5854613209 LOEED 1 2% B Tiud X
Vv, 7, ZoORMEMERZIER X,



Problem 3

Let ¥ = {a,b,c,d, e, f} be an alphabet. For a ¥-string X € ¥*, we denote by g(X) the outcome
of the transformation according to the following coding table. Obviously g(z) € {0,1}* is a binary
string.

s

9(X)
1
01
10
001
010
100

‘l-h(DQ-OO"W

For example, g(adb) = 100101. Given a binary string Y, we denote by S(Y) the set of those
Y-strings which are translated into Y. That is,

S(Y) = {X e " | g(X) =Y} .
(1) What is the set S(100101)?

(2) Given a binary string Y, all the ¥-strings that belong to S(Y) have the same length. Prove
this fact.

In what follows, we assume that there is a fixed probability p(z) for the occurrence of each
letter x € ¥, and that those letters occur in a random X-string X = x1x2...x, in a mutually
independent way. We define the probability P(X) by the following.

P(z1zo...20) = p(x1)p(x2)...p(xy)

Given a binary string Y, we denote by P’(Y') the probability with which the transformation of
a random X-string X coincides with Y. That is,

XeS(Y)
(3) Represent the probability P’(Y001) using (some of) the following probabilities.
P'(Y), P'(Y0), P'(Y1), P(Y00), P'(Y01), P'(Y10), P'(Y11) (1)
Here Y001 denotes the binary string Y followed by the binary string 001.
(4) Represent P’'(Y'101) using (some of) the probabilities (f).

(5) Describe an algorithm that computes P’(Y) for a given binary string Y of length m. Describe
its time complexity.

(6) Let Y be a binary string of length m. Describe an algorithm that computes the X-string
X € S(Y) that has the largest probability P(X) (if there exist multiple such X, the output

can be any one of them). Describe its time complexity.
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¥— CPU

(1) 220a—FCl, C2HSllaZzAFTOLIITT7R2AL T2,

AR TR—= YA X034 kbyte DT RV FR=P VIS AT L %EZLD,

int DY A Xt 4 byte &

L, EdAllald, (REXEY 7 FL A0 &S5 al0] [0], al0][1], al0][2], ... DIHF THLE

SNz,
[ )/ N N
int a[4][1024]; a—F C1 a—F ¢2
register int i, Js register int i, j;
for (i = 0; i < 4; i++) { for (j = 0; j < 4; j++) {
for (j = 0; j < 4; j++) { for (i = 0; 1 < 4; i++) {
alil [j] = ixj; alil [j] = ixj;
} }
} }
- AN /

DIF, 4 20DIRMR= 7 72 ANRY — v 2T, BEREIIKER-CHES2EKT S, C1E
TN QD77 ARY—iFEND?

A) 0, 1
B) 0, 1,
c) 0, 0,
D) 0, 1

b b b

3 b

3 b

N O NN
W O W w

b b b

o & A FELTHIIC

b b b b

b 3 b 3

(@ TN S N

5
» 5,
1
1

N , OO O

7
b 7’
1
3

b b b b

, 10, 11

b

b 2’ b
3 2’
2

b

SO N O @
w N W

b b b

4
, 3
0

12, 13,

3

5, b
3 3,
1

b

N W o
w w N

b b b

14,

15

Jutv A P, Py, P33k A ) EEEREGL, KREX—VFZ5006727 7 RAT5, 7
NS XAEY) ZEIZEEX ) ICH O BTN TRV ET S, 2o
0k ZAFATICHE R 2 £ ) ZRIZYE X ) I2E ) 4T o,

INHIEAT Yy 77T b &
v, X E Y FBRICEH D Y TR R SYH A £ Y H 4 XU 16 kbyte (4 XR—P7r) &
L, R=YEH7 )L Y XL FIFO Z2HOTXAEYVEHT 2, DTFORMWIZEZ X.

(a) DU OFETMEFFCTRZ Ty 2 S Z Ty O, 702 ABRA 75y a—) v 7 SnffoR—
7=V EOREERD K. BIZIE, BT 2SR T, (I1~T) T, 70&2 P
PIREAR—=CFSF0,1,0, 1LOMEICT 72 A LT3,

Ty ~ 1Ty

Ty ~1T;

T3 ~ T,

Ty ~1T5

T5 ~ T

Ts ~ 17

Pi{0,1,0,1}

P{3,2,1, 0}

P;{0, 3, 2, 3}

Pi{4, 5,6, 7}

P»{3,2, 1, 0}

P;{0, 1, 2, 3}

(b) UTDX)Ich (a) LIFERLZETHFTT O AR Y 2= v 7 IO —
7 A=V Dl ERD X,
T1 ’\’Tg T2 ’\’Tg T3 ’\’T4 T4 ’\’T5 T5 ’\’Tﬁ T6 ’\’T7
P2{37 25 17 0} P3{05 35 25 3} P1{07 17 07 1} P2{37 27 17 0} P3{05 15 25 3} P1{45 55 65 7}

T—=%v 7%y WS(i,j) BRZ T, 06 RZ T; OIS 7 7 v A SN b XR—VHEHZR

BIL, "—%v 7%y b4 X WSS(i,j) B3R T, 2 5 T; OO 7 —% v 72y b
DY ARXET S, HlZIE, B D) IKBOTRE T3 » oM Ts 07— v 7y FE X
O —F%> 7%y b4 X, WS(3,5) ={0,1,2,3}, WSS(3,5)=4ThHs. 7—FVv
7y FWS(i,7) BEOT7—F > 7k b A A WSS(4,5) ZHWT, ArPa—Vv7
WL > TR=T 7 5 — )V b DBIFUTE N U 5 B 23 X
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Problem 4

Consider a demand paging system, whose page size is 4 kbyte, in a single CPU computer.

(1) As shown below, two program codes, C1 and C2, access int array a. The size of int is 4
byte. The array a is allocated in the order of a[0] [0], a[0] [1], a[0] [2], ... from virtual

memory address 0.

(o ornn) \ \
int a[4][1024];|| Code C1 Code C2
register int i, Js register int i, j;
for (i = 0; i < 4; i++) { for (j = 0; j < 4; j++) {
for (j = 0; j < 4; j++) { for (i = 0; 1 < 4; i++) {
alil [j] = ixj; alil [j] = ixj;
} }
} }
- AN /

The following lists show four virtual page access patterns. Each integer value represents a

virtual page number. Which are the access patterns in C1 and C2, respectively?

A) o,
B) 0,
C) 0,
D) 0,

-
-

-

w O w w

-

-

N O NN

-

4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14,
4, 5,6, 7,0,1, 2,3, 4,5, 6,7
1,1, 1,1,2,2,2,2,3, 3, 3, 3
0,1,2,3,0,1,2,3,0,1, 2,3

-
-

-

3 3 b

3 b b

15

Processes P, P», and P3 share a virtual memory space. They access virtual page numbers

0 through 7. Before execution of those processes, no physical memory is allocated for the

shared memory space. Besides the shared memory space, other virtual memory spaces are

allocated in the physical memory areas and never swapped out. Suppose that 16 kbyte (4

pages) of free physical memory can be used for the shared memory space and that the page

replacement algorithm is FIFO. Answer the following questions.

(a) Calculate the number of page faults in the case of the following process scheduling from

time T3 to time T%. In this chart, for example, process P; accesses virtual page numbers
0, 1, 0, and 1 in this order from time 77 to time Ty (77 ~ ).

T1 ’\’Tg

T2 ’\’Tg

T3 ~ Ty

T4 ’\’T5

T5 ’\’Tﬁ

T6 ’\’T7

P1{07 15 07 1}

P2{35 25 15 0}

P3{07 37 27 3}

P1{47 57 67 7}

P2{35 25 15 0}

P3{05 15 25 3}

is different execution order from Question (a).

Calculate the number of page faults in the case of the following process scheduling, that

T1 ’\’TQ

TQ ’\’Tg

T3 ~ 1T,

T4 "“T5

T5 '\’TS

TG ’\’T7

(3,2, 1, 0}

Ps{0, 3, 2, 3}

Pi{0, 1,0, 1}

P»{3,2, 1, 0}

Ps{0, 1, 2, 3}

Pi{4,5,6, 7}

Let the working set WS(i, j) represent the set of pages accessed from time T; to time

T; and the working set size WSS(i, j) represent the size of the working set from time

T; to time T;. For example, the working set and its size from time T3 to 75 shown in
Question (b) are WS(3,5) = {0,1,2,3} and WSS(3,5) = 4, respectively. Explain why

the numbers of page faults are different in different scheduling, using the working set

WS(i,j) and the working set size WSS(i, j).
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