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B fi (i=1,2, ..., n) BERBHDERXY Dy OBEETS. £ a; (i=1,2,...,n) 1H
LT,

Y aifiz)=0 (VxeDy) = a=0 (i=12,...,n)
i=1
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G, = {1,z,2%}

Gy = {0,1,z, 27}

Gy = {2 +1,2% —z,0+1}
Gy = {2°+1,2% —z,2+2}

(2) £,V BRU (f,f)=1,F5. TOELE
hz) = g(x) = (f,9)f(x)
LBLE, (R =0 &BBT ERRE.
(3) Vo DIFHIEZHEZTEDE X &.



Problem 1

Let f; (i=1,2, ..., n) be functions whose domains are a real interval Dy. If
n
> aifi(z)=0 (V€ Dx) = a;i=0 (i=1,2,...,n)
i=1

for real numbers a; (i = 1, 2, ..., n), then the set of functions {fi, fo,..., fn} is said to be
linearly independent.

Let V,, be the vector space consisting of nth or less degree polynomials. Define an inner
product in V,, as

)= [ f@ots

and a norm as || f|| = /(f, f). Answer the following questions.

(1) Answer whether each of the following sets is a basis of V5 or not. Explain the reasons
briefly.

G = {1,z,2%,

Gy = {0,1,z,2°},

Gy = {2*+1,2° —z,2+1},
Gy = {2 +1,2% —z,2+2}.

(2) Let f,g € V,, and (f, f) = 1. Define h(z) as

Prove that (f,h) = 0.

(3) Give an orthonormal basis of V5.
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(1) X OWIfFHEFR X UOmieRD K.
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D X1, Xo, ..., Xy OBHMEICHT 2 FIRHER f(Xq, Xa, ..., XN, 0) Z, 0 OBEERTZL
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ek XK. Tz, LREKZRIIET S 0 ZRD XK.
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PY=1|X=0) = o
PY=0|X=1) = 8

0<a<1,0<B8<1) THBHLE, PX=1|Y=1) ZKRDX.



Problem 2

Consider products manufactured in a factory. When a product is chosen, let X = 0 represent

the event that the product is normal, and let X = 1 represent the event that the product
is defective. Let 6 be the probability of a product being defective, that is, P(X = 1) = 6
(0 < 0 < 1). Assume also that such probabilities are mutually independent for all products.

Answer the following questions.

(1)
(2)

(3)

Calculate the mean and the variance of X.

Calculate the probability that m products out of a set of M randomly chosen products are
defective.

Choose N products randomly, and let X; = 1 represent the event that the ith product is
defective. If we see the joint probability function f(Xi, Xo,..., Xy, 6) for given observa-
tions of X1, Xs, ..., Xn as a function of €, then this function, L(#), is called the likelihood

function.

Assume that n products out of a set of N randomly chosen products are defective. Cal-
culate the likelihood function L(#) for these observations. Also, calculate the value 0 that

maximizes the likelihood function.

In a quality inspection of a product, let Y = 0 represent the event that the product is
evaluated as normal, and let Y = 1 represent the event that the product is evaluated as
defective. Let the probabilities of false positive and false negative be:

PY=1|X=0) = a
PY=0|X=1) = B

where 0 < @ < 1and 0 < 8 < 1. Calculate P(X =1|Y =1).
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Problem 1

A subdivision surface approximates the shape of a smooth surface by recursively subdividing
the faces of an initial polyhedron, where the positions of the vertices (both initial and newly
generated) are appropriately translated. Assume that all the faces of the initial polyhedron are
triangles, and assume that each subdivision operation divides every triangle into four triangles
as shown in the following figure. Let vy, eg and fy be the numbers of the vertices, edges, and
faces of the initial polyhedron, respectively, and let v, e,, and f,, be the numbers of the vertices,
edges, and faces after n subdivision operations are performed, respectively. Answer the following
questions.

Initial polyhedron Subdivided polyhedron

(1) Represent each of vy, e, and f, in terms of v,_1, e,—1 and f,—_1.

(2) Show that it holds
Un — €n + frn =10 — €0+ fo

for any positive integer n.
(3) Represent each of vy, e, and f, in terms of vy, ep, fo and n.

(4) Assume fy > 0. Show that the following limits are constant independent of vy, ey and fo:
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(i) 6*(g,¢) = q. (€ Q, ¢ FZEIEHNEET. )

£9 5.

(i1) 9*(q,za) = 6(6*(q,x),a). (€ Q, x € X*, a € X.)
COEELLTOMWIZEZ K.

(1) IKEE p,qg € Q ITHLTRDKIITEEINS

.
p) ={z € ¥* | 6"(q0, ) = p}

(a) I(
(b) J(p,q) ={y € X" [ " (p,y) = ¢}
) K(q) ={z€X"|6%(¢,2) € F}
D) ={weX | &% z,y,2€T* WMHELCw=zyz D ayz€ L L7353 }

=
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78 D(L) ZIERITH 5 C L ZaHE XK.

(2) KD



Problem 2

Let X be a finite alphabet and let L C ¥* be a regular language over X.. Let M = (Q, %, 9, qo, F)
be a deterministic finite automaton accepting L, where () is the finite set of states, § : @ x 3 — Q
is the state transition function, g is the initial state, and F' is the set of accepting states. We
define 0* : QQ x ¥X* — @ inductively as follows:

(i) 6*(q,¢) = q. (q € Q, ¢ is the empty string.)
(i) 0*(¢q,za) = (0" (q,x),a). (€ Q,z € X*, a € X.)
Answer the following questions.
(1) Prove that the following languages I(p), J(p,q), and K(q) are regular for states p,q € Q.

(a) I(p) ={z € ¥ | 0"(qo, ) = p}
(b) J(p,q) ={y € X* | 0*(p,y) = ¢}
(c) K(q) ={z€¥"|0d%(¢,2) € I}

(2) Prove that the following language D(L) is regular:

D(L) = {w € ¥ | there exist x,y,z € ¥* such that w = zyx and zyz € L }.
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int BIOTEEFFFORKEE 10 OS] a IS L, FOEEZFNEICIHNEZ S Java 77T L
DO—E (LR, FuasIL1 &R ZLLRICRT.

int[] a = {(FERDOUT)};
/7 TCEFREONWT) | IciE, 10 EHOERMZZEEDS, e x1E
// int[l a = {2, 5, 8, 6, 3, 8, 1, 0, 2, 9};
/]l DESITEMNTOEZEDET .

int x = 0;

for (int i = 0; i < 9; i++) {
for (dnt j = 0; j < 9 - i; j++) {
if (aljl > alj + 11) {
x = aljl;
aljl = alj + 1]1;
alj + 11 = x;
}
}
}

LUFDWCE A K.

(1) SMUD for —TITEBNT, i DIED ig D& XIS, IW—THNOTREZ52 7 LIzERICIE,
Bk=0,1,...,9—ig ICHL, a[9—io] > a[k] &7x2HHEZFIHLX.

(2) SMIID for L—TICBNT, i OIER iy DL 2T, L—TFHOFHEEE T LIEED
a9 —io] DfflE, THYS L1 DIFMKT T 5 ETEDBRENC L OBIHEHIIE X,

(3) TuT I L1 DFEITHE TS L, Blf a OBERENFIFCATNS, §hbb, % k=0,
L ...,81CH LT alk] <alk+1] &7> TV 2 HHZHHE K.



Problem 3

The following is a part of Java program that sorts the elements of an array a into the ascending
order. Here, the array a has 10 elements in int type. The following program is referred to as

programl.

int[] a = {(1list of elements)l};
// (list of elements) is a list of 10 literal integers, for example:
// int[] a = {2, 5, 8, 6, 3, 8, 1, 0, 2, 9};

int x = 0;

for (int i = 0; i < 9; i++) {
for (dnt j = 0; j < 9 - i; j++) {
if (aljl > alj + 11) {
x = aljl;
alj]l = alj + 1]1;
alj + 11 = x;
}

Answer the following questions.

(1) Assume that the outer for loop with i = iy is just finished. Explain why a[9 —ig] > a[k]
holds for k=0, 1, ..., 9 — 4.

(2) Assume that the outer for loop with i = 4g is just finished. Explain why a[9 — ip] will not
be changed until the end of the execution of programl.

(3) Explain why the elements of the array a is in the ascending order, that is, a[k] < a[k + 1]
holds for £ =0, 1, ..., 8, when the execution of programl is finished.



SRR 23 AR
R R PGSR T2 R 2R
a2V ¥ a—ZRFHIK
ARl ]

SFRHE 11

Rk 232 H 2 H
13:30 — 16:00

(1) WERBHAD XA D 2 £ T, TORMEM TRV L.

Do not open this problem booklet until the start of the examination is announced.

(2) 3 ETANTICER . BT LIci e & Mg T 5 C L.

Answer the following 3 problems. Use the designated answer sheet for each problem.

(3) FRETHAES X URIEM F bR S R &

Do not take the problem booklet or any answer sheet out of the examination room.

IHICAZEBRER S 2R AT 5 T L.

Write your examinee’s number in the box below.

S | No.




fERE 1

ap 1 1 KUK T 285 t), = ag + Nay (k=0,1,2,...) BEZS. EELAEO<A<1 %
W9 EME T 5.
L}{—F@F'nEJb\LC%Si X.

() NEBEELT, tp &ty (K>1293) D5 o) ZIHEL, ap ZRDZAEHZ XK. C

D%
ap = Th(tk, tk—1) [1]
9%,
(2) MEKRHELT, tg, tp1, teo (E>2ET2) DD X & a; ZIHEL, ag ZRDZKEEH
Z&k. ToOAE
ap = To(tg, tr—1,tk—2) 2]
£95%.

(3) K [1] & 2] KB B ADFAEEEZ D, HHEDTD, k> 2 ZFEEL, t), ICDHILDHR
e MADT
t~k = a0+/\ka1 +e

x5 TV3ET5. iz, 0=1-XNBXU §= N Na, B B1E
By =T\ (tg, tx_1) — ao, By = To(tg, te_1,th_2) — ao
Z 0,05, e THHE.
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Problem 1

Consider a sequence tj, = ag + A¥a; (k =0, 1, 2, ...), which linearly converges to ag. Here X
is a constant such that 0 < A < 1.
Answer the following questions.

(1) Assume that the constant A is known. Eliminate a; from ¢, and t5_1, and derive an

expression that gives ag for k > 1. Let the derived expression be
ao = T (tg, tk—1)- [1]

(2) Assume that the constant A is unknown. Eliminate A and a; from ¢y, tx_1, and tx_s, and
derive an expression that gives ag for k > 2. Let the derived expression be

ag = To(t, tp—1,tp—2). 2]

(3) Consider round-off errors in the computations of the expressions [1] and [2]. For simplicity,
fix k > 2, and assume a round-off error ¢ in #; as

T = ao + Nay +e.
Let # =1 — X\ and § = Afa;. Represent the errors
Ey =Ty (tk, tr—1) — ao, Ey = Ty(tk, tr—1,tk—2) — ao
in terms of 0, 4 and .
(4) Let # = 1/2. Show that |E;| < |Es| for |e] << |4].

(5) Let |e| = |0|. Compare |Eq| and |E»| for § << 1.



fEiRE 2

LSRRIV 7Ry bEL, XFLEIEFNEREINTVS LTS, $IE T IFENTNY
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S = 508182 8p_1 €X' (n>0) &5, S DRIZIC S ZMA D%, HIT i BIKET T -
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505152 - Sp_1$
$5051 - Sp—28n—1
X =
898384 - S0S1
515283 -+ - $s¢

X OBEHEEFHBIAOFINY — F LT EDBAAEAY Ve M &L, M ORERD j &
DXFRIMO MU TUARFAY FVE M; (j=0,1,...,n) £9%. Bzl S=baTa<b<$
DL E

ba$ a$b a $ b
X=| $pa M = | ba$ My=1| v My=| a My=1$
a$b $ba $ b a

Lixb.
DIFOMWICEAZ K. BBIAEROMTICBWTIET7IVLT 7w b T ICEXNELFOBUTE
BLHrizy.

(1) X5 S = tgagtgt IR LT My ZRDXK. KELUIETFIEa<g<t<$ &9 5.

(2) M, ZIHbhoTWBEEIL, M, "D My Z3RD2Z7 )TV XA L7zme. Z ORI
=TV 5.

(3) M, & My E3hbho>TWBEEIL, M, & My £h5 My KRBTV AY XL#ET
. ZOBREIERENL B
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Problem 2

Let ¥ be a finite alphabet with a total order. Let $ be a symbol not in ¥, and let $ > max 3.
Let S = 508182+ Sp—1 € 2™ (n > 0). Let X be the vector of strings whose ith element is the
string defined as follows: $ is appended to S, and the resulting string is circularly shifted right
1 times:
505182 519
$5051 - Sp_928n_1
X =
8928384 - S0S1
518953 -+ - $s¢
Sort the elements of X in the ascending lexicographic order. Let the resulting vector be M,

and let M; (j =0, 1, ..., n) be the vector whose ith element is the jth symbol of the ith string
of M. For example, if S =ba and a < b < $ then

ba$ a$b a $ b
X = $ba |, M = ba$ , My = b |, M, = a |, My = $
a$b $ba $ b a

Answer the following questions. In the analysis of the computational complexity, consider
that the number of symbols of the alphabet ¥ is a constant.

(1) Find M7 for the string S = tgagtgt. The orderisa < g <t <8$.

(2) Assume that only M, is known. Show an algorithm that computes My from M,,. What is
the time complexity of that algorithm?

(3) Assume that only M,, and Mj are known. Show an algorithm that computes M; from M,
and My. What is the time complexity of that algorithm?

(4) Assume that only M, is known. Show an algorithm that computes S from M,,. What is
the time complexity of that algorithm?
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RDK S Ixtnarty b 2RpDRRIA &y VSR A2 €58 5. T2 E 16 €y
MEBIHDOA LTS, #armld 13 P TERBEN, (JHTHHMEE 27 FLRAZ 2310 FC

KHEN5.

PUSH_CNST < integer >

< integer > 7= AR v 7KL,

DUP

AZ IOy TOfiZIAC—LTAZR Y 7.

LD < address >

< address > T/REND AT VI EN TV B EE(EZ A Xy 71

s,
ST < address > AZ v ITDR Y TONBZROFRE, < address > T/RE D AT
ICHEHNS 5.

ADD ARZTDRy TERONEZEZARZ Yy I EWOERE, 2 DOZ7NE L
T A% 7 ICRETS.

AZY IOy TONKERORE, ZTOMENIEESIX < address >
T/RENDEH SHEEZ T T 5.

< address > T/RhE NAHTHI S EMGEZ5T9 5.

172l d %.

JMP_POS < address >

JMP < address >
STOP

DURORIWICEZ K.

(1) L FOTm T I L 2F L&, AZy 7Dy 7O KT 1000 FHICHEHE LT
BB, BB, BITHOBAIEZM T IMENENTVWEAE) T RLATHS.

00: PUSH_CNST O 14: ST 1000
03: ST 1000 17: PUSH_CNST -1
06: PUSH_CNST 10 20: ADD

09: DUP 21: DUP

10: LD 1000 22: JMP_POS 09
13: ADD 25: STOP

(2) YT N—F VO LA TES & 51, ARKw I BEHERA IR L\, FIRIIEOH
UL RITZERMEA D & 510, TL—LARw ZREAL, 7L —LOMEEHIEE. %
7z, YIN—F MO LBLUOT L—LHNT—Z\DT 7 AD=dDmHEERL, T
N5 DR OEIEE I X.

(3) FLER LT A X w 7 RUAET R T, UROY T )V—F v Z2a s K.

~
int fib (int n)
{
if (n > 2) return fib (n - 1) + fib (n - 2);
return 1
K} )

(4) Javam ED TG T I VT EEY AT LHEE L TOWARAEFIEEIZ R 2y 77— 7
IF v THB. —), BETHOHEE T —FT7 7 F XY EL VAR T —F 57 7 F ¥ TH 5.
TG IVIEEY AT LORKEIEKE LT, ARZy IR —F50F v, LUAXR
Y —F 57 F v XOBENTVSR, 4> T EEBRXRE.



Problem 3

The following is a definition of an instruction set of a simple stack virtual machine. Assume

signed 16bit integer as the only data type. Each instruction is represented by a 1byte word,

possibly followed by a 2byte data representing an immediate value or an address.

PUSH_CNST < integer >

Push < integer > on the stack top.

DUP

Duplicate the value of the stack top and push it on the stack top.

LD < address >

Push the value stored in the memory address < address > on the
stack top.

ST < address >

Pop the value at the stack top, and store it in the memory address
< address >.

ADD

Pop the two values from the stack top, and push the sum on the
stack top.

JMP_POS < address >

Pop the value at the stack top, and if the value is positive, then
execute the instructions starting from memory address < address >.

JMP < address >

Execute the instructions starting from memory address < address >.

STOP

Stop execution.

Answer the following questions.

(1) Determine the value at the stack top and the integer value stored at the memory address

1000 after the execution of the following program. Note that the leading numbers of the

lines show the memory addresses of the instructions.

00: PUSH_CNST O

03: ST 1000
06: PUSH_CNST 10
09: DUP

10: LD 1000
13: ADD

14: ST 1000
17: PUSH_CNST -1
20: ADD

21: DUP

22: JMP_POS 09
25: STOP

(2) Extend the above stack machine so as to enable subroutine calls.

Introduce a frame

stack to enable recursion and local variables, and explain the frame structure. Define new

instructions for subroutine calls and for accesses to data on the frame, and explain the

meanings of the new instructions.

(3) Compile the following subroutine onto the extended stack machine.

~
int fib (int n)
{
if (n > 2) return fib (n - 1) + fib (n - 2);
return 1
K} )

(4) Programming language systems, such as Java, assume stack architectures as virtual ma-

chines. However the current mainstream architectures are register architectures. Discuss

advantage(s) and disadvantage(s) of stack architectures compared with register architec-

tures as virtual machines of programming language systems.
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