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(1) , .
Do not open this problem booklet until the start of the examination is announced.

(2) 4 . .
Answer the following 4 problems. Use the designated answer sheet for each problem.

(3) .
Do not take the answer sheets and the problem booklet out of the examination room.

.
Fill the following blank with your examinee’s number.

No.
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Problem 1

Consider curves in a two dimensional space defined by figure construction. In the following
questions, assume that four points P0, P1, P2, and P3 are all different and any three points of
them are not on a line. Answer the following questions.

(1) Consider three control points P0, P1, P2, and line segments connecting them as in Figure
1. Let t be a real number satisfying 0 ≤ t ≤ 1. Let P ′

0 divide line segment P0P1 in the ratio
t : 1 − t, and, likewise, P ′

1 divide line segment P1P2 in the ratio t : 1 − t. Further, let P

divide line segment P ′
0P

′
1 in the ratio t : 1 − t. Show that P is expressed as:

P (t) = (1 − t)2P0 + 2(1 − t)tP1 + t2P2

(2) By moving t from 0 to 1, the point P forms a quadric curve. Is this curve a part of ellipse,
a hyperbola, or a parabola?

(3) Add one more control point P3, and determine P in the same way as question (1), that is,
by repeating interior divisions between neighboring points (Figure 2). Express P (t) as the
sum of Pi’s each multiplied by a polynomial of t, as in question (1).

(4) Consider approximating a quarter of circle of radius r by a cubic curve with four control
points as is obtained in question (3). Points are arranged as in Figure 3. Determine P1 and
P2 so that P (1/2) = (r cos(π/4), r sin(π/4)) is satisfied.

(5) Divide the cubic curve in question (4) into two parts at t = 1/2. Determine the positions
of the two sets of control points that determine the left and the right curves, so that the
divided curves are exactly the same as the original curve. You may as well determine them
by construction of figures.
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2

A n A Σ = {Si}m
i=1

Si ∩ Sj = ∅ (i �= j)
m⋃

i=1

Si = A

Σ

• member(S, x): S ∈ Σ x ∈ A

• find(x): x ∈ A S ∈ Σ

• merge(Si, Sj): Si ∈ Σ Sj ∈ Σ Σ Si ∪ Sj Σ

Σ M

(1)
member , find , merge

(2)
member , find , merge

(3)
member , find , merge

(4) merge O(1) find O(log n)
merge, find
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Problem 2

Let A be a set of n elements, and Σ = {Si}m
i=1 be a set of subsets of A that satisfies

Si ∩ Sj = ∅ (i �= j),
m⋃

i=1

Si = A.

Consider the following operations on Σ.

• member(S, x): returns whether S ∈ Σ contains x ∈ A or not.

• find(x): returns the subset S ∈ Σ to which x ∈ A belongs.

• merge(Si, Sj): removes Si ∈ Σ and Sj ∈ Σ from Σ and adds Si ∪ Sj to Σ.

Answer the following questions. Let M be the maximum cardinality of Σ.

(1) Consider representing a subset with a bit vector. Estimate necessary memory space to
represent the subsets. Estimate average computational cost to perform each of member ,
find , and merge operations. In general in what cases bit vector representation should be
used?

(2) Consider representing a subset with a linked list. Estimate necessary memory space to
represent the subsets. Estimate average computational cost to perform each of member ,
find , and merge operations. In general in what cases linked list representation should be
used?

(3) Consider representing the subsets by a hash table with elements as keys and subsets as
values. Estimate necessary memory space to represent the subsets. Estimate average com-
putational cost to perform each of member , find , and merge operations. In general in what
cases hash table representation should be used?

(4) There is a data structure that can perform merge operation in O(1) time and find operation
in O(log n) on average. Explain the data structure and how to perform merge and find
operations.
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M = (Q,Σ, δ, q0, F ) Q Σ
δ : Q × Σ → Q q0 F

M L(M)

(1) Σ∗ − L(M) = {w ∈ Σ∗ | w �∈ L(M)}

(2) M = (Q,Σ, δ, q0, F ) L(M) = ∅

(3) 2 M1 = (Q1, Σ, δ1, q1, F1) M2 = (Q2, Σ, δ2, q2, F2)
L(M1) ⊆ L(M2)
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Problem 3

Let a deterministic finite automaton M = (Q, Σ, δ, q0, F ). Here, Q is a finite set of states, Σ is
a finite input alphabet, δ : Q × Σ → Q is a state transition function, q0 is an initial state, and F

is a set of accepting states. Write L(M) for the language accepted by M . Answer the following
questions.

(1) Prove that Σ∗ − L(M) = {w ∈ Σ∗ | w �∈ L(M)} is regular.

(2) Given a deterministic finite automaton M = (Q,Σ, δ, q0, F ) as an input, show an algorithm
for testing L(M) = ∅ and discuss its correctness.

(3) Given two deterministic finite automata M1 = (Q1, Σ, δ1, q1, F1) and M2 = (Q2, Σ, δ2, q2, F2)
as inputs, is there an algorithm for testing L(M1) ⊆ L(M2)? If there is, show briefly such
an algorithm. If not, prove the non-existence.
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C

� �
/* the external declarations are omitted. */

typedef struct header {

int cmd_or_stat;

int sz;

} header;

typedef struct packet {

header hd;

char data[512];

} packet;

void mainbody() {

int sock;

packet pkt;

sock = getConnection();

while (rcv(sock, sizeof(header), &pkt)) {

op(sock, &pkt);

snd(sock, sizeof(header) + pkt.hd.sz,

&pkt);

}

closeConnection(sock);

}

void op(int sock, packet *pkt) {

int fd;

int n = -1;

� �

� �
switch (pkt->hd.cmd_or_stat) {

case OP_OPEN:

rcv(sock, pkt->hd.sz, pkt->data);

pkt->data[pkt->hd.sz] = 0;

fd = open(pkt->data, O_RDWR);

if (fd > 0) pkt->hd.cmd_or_stat = SUCCESS;

else pkt->hd.cmd_or_stat = FAIL;

pkt->hd.sz = 0;

break;

case OP_READ:

if (fd > 0) n = read(fd, pkt->data, 512);

if (n < 0) {

pkt->hd.cmd_or_stat = FAIL;

pkt->hd.sz = 0;

} else {

pkt->hd.cmd_or_stat = SUCCESS;

pkt->hd.sz = n;

}

break;

case OP_CLOSE:

/* the following code is omitted. */

}

}

� �
getConnection TCP

closeConnection

snd rcv

4

open

-1 read

-1

(1) op

2

(2) /home/foo/data.txt

reqConnection

(3) OP READ
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Problem 4

A part of a simple network file server program written in C is shown below. Assume that the
server program always runs under the same access rights of the client.� �

/* the external declarations are omitted. */

typedef struct header {

int cmd_or_stat;

int sz;

} header;

typedef struct packet {

header hd;

char data[512];

} packet;

void mainbody() {

int sock;

packet pkt;

sock = getConnection();

while (rcv(sock, sizeof(header), &pkt)) {

op(sock, &pkt);

snd(sock, sizeof(header) + pkt.hd.sz,

&pkt);

}

closeConnection(sock);

}

void op(int sock, packet *pkt) {

int fd;

int n = -1;

� �

� �
switch (pkt->hd.cmd_or_stat) {

case OP_OPEN:

rcv(sock, pkt->hd.sz, pkt->data);

pkt->data[pkt->hd.sz] = 0;

fd = open(pkt->data, O_RDWR);

if (fd > 0) pkt->hd.cmd_or_stat = SUCCESS;

else pkt->hd.cmd_or_stat = FAIL;

pkt->hd.sz = 0;

break;

case OP_READ:

if (fd > 0) n = read(fd, pkt->data, 512);

if (n < 0) {

pkt->hd.cmd_or_stat = FAIL;

pkt->hd.sz = 0;

} else {

pkt->hd.cmd_or_stat = SUCCESS;

pkt->hd.sz = n;

}

break;

case OP_CLOSE:

/* the following code is omitted. */

}

}

� �
The getConnection function establishes the TCP connection requested by the client and re-

turns the file descriptor associated with the connection. The closeConnection function closes
the connection associated with the file descriptor given by its argument. The snd and rcv func-
tions are for sending and receiving, respectively. In those functions, the first, second, and third
arguments take the file descriptor associated with a connection, size in byte, and data address,
respectively. Assume that the above four functions are always executed without errors.

The open system function takes the file name given by the first argument. It returns the file
descriptor of the file on success, and -1 on failure. The read system function reads the data using
the file descriptor specified by the first argument, and stores it to the address specified by the
second argument. The data size to be read is specified by the third argument. It returns the size
of read data on success, and -1 on failure. Answer the following questions.

(1) There is a fatal error of variable declaration and a security hole in the op function. Explain
those problems and the security hole mechanism. Fix the program.

(2) Write a client program in which the file /home/foo/data.txt in the network file server is
read and displayed at the client. The program may use the reqConnection function which
establishes the TCP connection between the client and the server. The function takes no
argument and returns the file descriptor of the connection. Assume that the execution of
this function never fails.

(3) Assume that the OP READ command may be requested continuously. Explain how the pro-
gram should be modified in order to improve the response time of the command.
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20 8 26

13:30 – 16:00

(1) , .
Do not open this problem booklet until the start of the examination is announced.

(2) 4 . .
Answer the following 4 problems. Use the designated answer sheet for each problem.

(3) .
Do not take the answer sheets and the problem booklet out of the examination room.

.
Fill the following blank with your examinee’s number.

No.
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Problem 1

Let A be an n × n symmetric positive definite matrix. An n × n matrix A is said to be
positive definite when x�Ax > 0 holds for any column vector x �= 0n of length n. Note that
x� represents the transpose of x, and 0n represents a column vector of length n in which all
elements are zeros. In the following questions, In represents an n × n identity matrix.

Answer the following questions.

(1) Let A be represented as

A =

(
α11 a�

1

a1 A1

)
,

where α11 is a scalar, a1 is a column vector of length n− 1, and A1 is an (n− 1)× (n− 1)
matrix. Show α11 > 0 from positive definiteness of A.

(2) Let L1 and D1 be n × n matrices defined as

L1 =

(
λ11 0�

n−1

l1 In−1

)
, D1 =

(
1 0�

n−1

0n−1 A′
1

)
,

where λ11 is a scalar, l1 is a column vector of length n− 1, and A′
1 is an (n− 1)× (n− 1)

matrix. Determine λ11, l1, and A′
1 so that A = L1D1L

�
1 and λ11 > 0, and represent λ11,

l1, and A′
1 in terms of α11, a1 and A1 in question (1).

(3) Show that A′
1 is also a symmetric positive definite matrix.

(4) Give an algorithm to compute a lower triangular matrix L that satisfies A = LL�, using
the above results.
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n 2 X = 〈v1, v2, . . . ,vn〉 X i
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X k k X X[1..a1], X[a1 + 1..a2], . . . , X[ak−1 + 1..n]
k D(a1, a2, . . . , ak−1) 0 < a1 < a2 < · · · < ak−1 < n

D = D(a1, a2, . . . , ak−1)
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(4) Dmin(X, k)

4



Problem 2

Let X = 〈v1, v2, . . . ,vn〉 be a sequence of n vectors of length 2. The part of the sequence X

from the i-th vector to the j-th vector (i ≤ j), i.e., 〈vi, vi+1, . . . ,vj〉, is called a subsequence of
X and denoted by X[i..j]. We define g(i, j) (i ≤ j) as an average of subsequence X[i..j], i.e.,

g(i, j) =
1

j − i + 1

j∑

l=i

vl.

A division of X into k subsequences is called a k-division. Let D(a1, a2, . . . , ak−1) denote the
k-division that divides X into X[1..a1], X[a1 + 1..a2], . . . , X[ak−1 + 1..n] (where 0 < a1 < a2 <

· · · < ak−1 < n is assumed). Let H(X,D) denote an average of the norms of the averages of the
subsequences obtained by the k-division D = D(a1, a2, . . . , ak−1), i.e.,

1
k

k∑

i=1

‖g(ai−1 + 1, ai)‖

where a0 = 0 and ak = n. We want to find the k-division Dmin(X, k) with the minimum H(X,D)
value. Let Sk(X) denote the minimum value.

Answer the following questions.

(1) Compute H(X,D(2)) in case

X =

〈(
2
1

)
,

(
4
7

)
,

(
7
20

)
,

(
3
4

)〉
.

(2) Show that g(i, j) can be computed in constant time for any i and j (1 ≤ i ≤ j ≤ n), after
an O(n)-time preprocessing on X.

(3) In case we are given the values of Sk−1(X[1..i]) for all i such that k − 1 ≤ i < n, describe
an algorithm that computes Sk(X) in O(n) time.

(4) Describe an algorithm that computes Dmin(X, k) efficiently, and show the computational
time complexity of it.
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(1)
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2

(a)

(b)
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Problem 3

Answer the following questions relevant to programming language design.

(1) Consider implementing a “stack module.” Write down the definition of a data structure
for it and the following operations on the data structure. (Use the C language.)

create creates an empty stack

push inserts a data item to the stack

pop returns the data at the top of the stack and removes it from the stack

(2) Consider directly modifying the data structure defined in question (1) from the outside of
the module. (For example, consider replacing, with a new data item, a data item located at
the second or deeper place from the top of the stack without using the above operations.)

(a) What is a problem of permitting such modification?

(b) In order to forbid this, what feature should a programming language provide?
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N MSB (Most Significant Bit) 1

N X 2 L X 0
Z X 0 L
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L
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0 0 1 0 0
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Example 1

1 0 0 1 1 0 0 0 0 1 0 0 1 0 0 0 1 1 0 0X

L

Z

0 0 0 0 0

0

Example 2

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0X

L

Z

* * * * *

1

Example 3

* : don’t care

(1) N = 4

(2) N = 4 AND, OR, NOT

(3) N = 16 (2) AND, OR, NOT

(4) N O(log N)
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Problem 4

Design by the following steps a logic circuit that calculates the bit-distance from MSB (Most
Significant Bit) to the first bit position where the bit is 1. Let X be the input data of N bits
to the above mentioned logic circuit, L be the bit-distance in the binary number system, and Z

indicate the situation where all the bits in X are 0. When all the bits in X are 0, the value of
L is arbitrary. The following figure shows a few examples for N = 20.
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0 0 0 0 1 0 1 1 0 0 1 1 0 0 1 0 1 1 1 1X

MSB LSB

L

Z

0 0 1 0 0

0

Example 1

1 0 0 1 1 0 0 0 0 1 0 0 1 0 0 0 1 1 0 0X

L
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0 0 0 0 0

0

Example 2

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0X

L

Z

* * * * *

1

Example 3

* : don’t care

Answer the following questions.

(1) Show the truth table of the case N = 4.

(2) Design a logic circuit of the case N = 4 using AND, OR and NOT gates.

(3) Design a logic circuit of the case N = 16 using some copies of the circuit designed in
question (2) and AND, OR and NOT gates.

(4) Show a construction method for any N where the latency of the logic circuit is O(log N).
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