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10:00 – 12:30

(1) , .
Do not open this problem booklet until the start of the examination is announced.

(2) 2 . .
Answer the following 2 problems. Use the designated answer sheet for each problem.

(3) .
Do not take the answer sheets and the problem booklet out of the examination room.

.
Fill the following blank with your examinee’s number.

No.



1

z

f(z) =
3z + 2
−2z − 1

(1) f

(2) f g

g(z) = −1
z

+ a

g−1(f(g(z))) = bz + c a, b, c a, b, c

(3) n ≥ 1 f n f (n)(z) n f (0)(z) = z

f (n)(z) = f(f (n−1)(z))

(4) z = x + iy (x, y) R2 (2x + 1)2 + 4y2 = 1 |f(z)|

2



Problem 1

Consider the mapping

f(z) =
3z + 2
−2z − 1

for a complex number z. Answer the following questions.

(1) Give the inverse mapping of f .

(2) Let the mapping g

g(z) = −1
z

+ a

satisfy g−1(f(g(z))) = bz + c. Determine a, b, and c, which are real numbers.

(3) Give functional powers f (n)(z) for n ≥ 1. Functional power is defined as f (n)(z) =
f(f (n−1)(z)) and f (0)(z) = z.

(4) Let z = x + iy and (x, y) be on the circle (2x + 1)2 + 4y2 = 1 of R2. Give the maximum
of |f(z)|.
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Ax = b [1]

A, x, b m× n n m

A min{n, m}

(1) m = n = 3 A b

A =

⎛
⎜⎝

1 1 2
1 1 1
2 1 1

⎞
⎟⎠ , b =

⎛
⎜⎝

1
1
1

⎞
⎟⎠

[1] x

(2) m > n ‖Ax − b‖ n x

‖ · ‖ 2

(3) m < n [1] 1
2x�Hx x

(
H A�

A O

) (
x

y

)
=

(
0
b

)
[2]

H y

m O m×m 0

(4) [2] x

x = H−1A�(AH−1A�)−1b
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Problem 2

Consider solving a system of linear equations

Ax = b, [1]

where A, x, and b are an m × n matrix, an n-vector, and an m-vector, respectively. Assume
that the rank of A is min{n,m}.

(1) Let m = n = 3. Calculate the x that satisfies equation [1] when A and b are given as

A =

⎛
⎜⎝

1 1 2
1 1 1
2 1 1

⎞
⎟⎠ , b =

⎛
⎜⎝

1
1
1

⎞
⎟⎠ .

(2) Let m > n. Give the x that minimizes ‖Ax − b‖. Here, ‖ · ‖ represents a vector 2-norm.

(3) Let m < n. Show that the x that satisfies equation [1] and minimizes 1
2x�Hx is a solution

of (
H A�

A O

) (
x

y

)
=

(
0
b

)
. [2]

Here, H is a symmetric positive definite matrix, and y is an m-vector (Lagrange multiplier).
O is an m × m matrix whose entries are zeros.

(4) From equation [2], show that x is given as

x = H−1A�(AH−1A�)−1b.
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21

I

21 2 4

10:00 – 12:30

(1) , .
Do not open this problem booklet until the start of the examination is announced.

(2) 3 . .
Answer the following 3 problems. Use the designated answer sheet for each problem.

(3) .
Do not take the answer sheets and the problem booklet out of the examination room.

.
Fill the following blank with your examinee’s number.

No.



1

p < 1/2 2 A

B A 0 q 1 1 − q

0 0
1 – p

p
A

1

B

1
1 – p

p

p

p

(1) B 0 r

(2) B H(B) r

(3) H(B | A)

(4) C q I(A; B) = H(B) −
H(B | A) r = 1/2

(5) C p p C
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Problem 1

Answer the following questions about the binary symmetric channel of crossover probability
p < 1/2 as shown in the figure below. Let A be the input and B be the output. Let q be the
probability that the input A is 0, and 1 − q be the probability that A is 1.

0 0
1 – p

p
A

1

B

1
1 – p

p

p

p

(1) Give the probability r that the output B is 0.

(2) Represent H(B), the entropy of B, in terms of r.

(3) Give the conditional entropy H(B | A).

(4) Channel capacity C is the maximum of the mutual information I(A;B) = H(B)−H(B | A)
over the input probability q. Show that the maximum is attained when r = 1/2.

(5) Represent the channel capacity C in terms of p. Draw the graph of C as a function of p.
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(1) A

Quicksort( A){
A 1

p A
A p p
A Quicksort

}

(2)
41, 12, 23, 78, 56, 32, 16, 66

(3) O(n log n)

(4)

4



Problem 2

Consider sorting an array of integers using Quicksort. Assume that all elements are different.
Answer the following questions.

(1) The following psuedocode sorts an array A in place, but it does not always work correctly
as it is. Identify the problem and fix it.

Quicksort(array A){
If the size of A is equal to or smaller than 1, then return.
Select the first element of A as pivot p.
Reorder the elements of A so that the elements smaller than p are in the first part and

the elements equal to or greater than p are in the second part.
Sort the first and the second parts independently using Quicksort.

}

(2) Show the process of sorting the following array using the correct Quicksort. 41, 12, 23, 78,
56, 32, 16, 66

(3) Show that the computational complexity of Quicksort is O(n log n) on average.

(4) Describe a method to further accelerate Quicksort.
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Figure 1 io

write

read spin lock spin unlock

(1)

(2) 2 T1, T2 T1 read T2
write T2 write

(1)

(3) Figure 2
tty intr wakeup

event t

event t sleep

read read CPU
read CPU

read read

Problem 3

Figure 1, given in the next page, shows a part of a terminal device driver program. The io

variable keeps the start memory address of the device registers. The write function displays the
character passed by the argument. The read function returns a character input from the ter-
minal. The spin lock and spin unlock functions implement mutual exclusion among threads.
Answer the following questions.

(1) Guess the specification of the terminal device from the program, and describe it.

(2) Consider two threads, T1 and T2. Consider also the situation that T1 is waiting for an
input data at the read function, and at that time T2 calls the write function. In this case,
T2 must wait until an input data arrives. Modify the read function to solve this problem.
Describe why the modified function works according to the specification answered in the
question (1).

(3) Assume that the terminal device may raise an interrupt when a key is pressed. The
tty intr function, defined in Figure 2, is the interrupt handler for the terminal device.
The wakeup function wakes up the thread associated with the event t variable. A thread
may sleep when it calls the sleep function, whose argument is the event t data type.

Rewrite the read function so that it cooperates with the device driver. Assume that all
the interrupts are disabled when the read function is executed, and when the thread sleeps
in the sleep function, the interrupts are enabled. Assume also that after resuming the
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execution of the read function, all the interrupts are disabled during execution of the rest
of read code.

� �
01: #define F_CMDREADY 1
02: #define F_WDONE 2
03: #define F_RDONE 4
04: #define F_WRITE 1
05: #define F_READ 2
06: typedef struct ioreg {
07: volatile int stat;
08: volatile int cmd;
09: volatile int indt;
10: volatile int outdt;
11: } ioreg;
12: ioreg *io = (ioreg*) 0xfff00000;
13: lock_t lk;
14: void write(char dt) {
15: spin_lock(&lk);
16: while (!(io->stat & F_CMDREADY));
17: io->outdt = dt;
18: io->cmd = F_WRITE;
19: while (!(io->stat & F_WDONE));
20: spin_unlock(&lk);
21: }
22: char read() {
23: char d;
24: spin_lock(&lk);
25: while (!(io->stat & F_CMDREADY));
26: io->cmd = F_READ;
27: while (!(io->stat & F_RDONE));
28: d = io->indt;
29: spin_unlock(&lk);
30: return d;
31: }

� �
Figure 1. write/read code

� �
01: #define SIZE 32
02: volatile int cnt;
03: int icnt;
04: event_t evt;
05: char buf[SIZE];
06: void tty_intr() {
07: spin_lock(&lk);
08: while (!(io->stat & F_CMDREADY));
09: io->cmd = F_READ;
10: while (!(io->stat & F_RDONE));
11: if (cnt < SIZE) {
12: buf[icnt] = io->indt;
13: icnt = (icnt + 1) % SIZE;
14: cnt++;
15: }
16: spin_unlock(&lk);
17: wakeup(&evt);
18: }

� �
Figure 2. tty intr code
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II

21 2 4

13:30 – 16:00

(1) , .
Do not open this problem booklet until the start of the examination is announced.

(2) 3 . .
Answer the following 3 problems. Use the designated answer sheet for each problem.

(3) .
Do not take the answer sheets and the problem booklet out of the examination room.

.
Fill the following blank with your examinee’s number.

No.



1

A n × n n 2
A (i, j) Aij A A�

(1) p, q 1 n p �= q Apq = Aqp �= 0 P

Pij =

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

1 i = j i �∈ {p, q}
c i = j i ∈ {p, q}
s i = p j = q

−s i = q j = p

0

c s c2 + s2 = 1

B = P�AP

Bpq = 0 c s

(2) A

S(A) =
∑
i�=j

A2
ij

(1) P B S(A) − S(B)

(3)
Q�

k AQk → D k → ∞
(D ) Qk (k = 1, 2, . . . )
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Problem 1

Let A be an n × n real symmetric matrix, where n ≥ 2 is an integer. Answer the following
questions.

The (i, j) element of matrix A will be represented as Aij , and the transpose of A will be
represented as A�.

(1) Let p and q be integers with 1 ≤ p ≤ n, 1 ≤ q ≤ n, and p �= q. Assume that Apq = Aqp �= 0.
Define matrix P as follows:

Pij =

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

1 i = j and i �∈ {p, q}
c i = j and i ∈ {p, q}
s i = p and j = q

−s i = q and j = p

0 otherwise

Here c and s are real numbers with c2 + s2 = 1. Let

B = P�AP.

Determine c and s so that Bpq = 0.

(2) Represent the sum of squares of the off-diagonal elements of a matrix A as

S(A) =
∑
i �=j

A2
ij .

Give S(A) − S(B) for P and B determined as question (1).

(3) Using the above results, show an algorithm to obtain a series of orthogonal matrices Qk

(k = 1, 2, . . . ) that gives
Q�

k AQk → D k → ∞,

where D is a diagonal matrix.
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X n X k

X 2
X 2

A
P 2

P 2

B

(1) n = k = 3 A B

(2) A

(3) B
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Problem 2

Company X has hired n new employees this year. Company X has k divisions and each new
employee must be assigned to one of the divisions. There is an upper bound of the number of
employees that can be assigned to each division. On the other hand, each employee reported
two of the divisions that he or she wishes to be assigned to, to the personnel of company X.
Now the personnel of company X examines the following two assignment plans to take.

Plan A The new employees have taken a test for employment before they are hired. We assign
employees one by one in the order of their scores, as follows. If any one of the two
divisions that the employee P wishes has assignees less than the upper bound, assign P

to that division. If both have less number of assignees than their upper bounds, choose
randomly one of them. If both of the two divisions are already full, assign P to a division
randomly chosen from divisions that are not full.

Plan B Irrelevant to the scores, assign new employees to divisions so as to maximize the number
of new employees whose hopes are fulfilled.

Answer the following questions.

(1) Show an example that the number of new employees whose wishes are fulfilled is smaller
in the plan A than in the plan B, in case n = k = 3.

(2) Show an algorithm that computes the plan A, and describe the computational complexity
of it.

(3) Show an algorithm that computes the plan B, and describe the computational complexity
of it.
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(1) {w ∈ {a, b}∗ | w a }

(2) {w ∈ {a, b}∗ | w b 3 }

(3) {w ∈ {a, b}∗ | w a b 3 }
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Problem 3

Answer the following questions.

(1) Show a deterministic automaton that accepts the set
{w ∈ {a, b}∗ | w contains an odd number of a’s}.

(2) Show a deterministic automaton that accepts the set
{w ∈ {a, b}∗ | w contains a multiple-of-3 number of b’s}.

(3) Show a deterministic automaton that accepts the set
{w ∈ {a, b}∗ | w contains an odd number of a’s and a multiple-of-3 number of b’s}.
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