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(1) ��'()*+,-./0, 1)��234'56718.

Do not open this problem booklet until the start of the examination is announced.

(2) 2 �9:;<=>?. ��@8<ABCDEF=GH4IG9.18.

Answer the following 2 problems. Use the designated answer sheet for each problem.

(3) F=GHJ?K��23LMNOP6718.

Do not take the answer sheets and the problem booklet out of the examination room.

QR<S�TU4V�9.18.

Fill the following blank with your examinee’s number.

S�TU No.
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89.YEqr �i (i = 1, 2, . . . , n) LW)Z 89.Y1)8s^t$) n uZ \cde

f x <vr;

kAxk � �1kxk
J?K

kA�1xk � ��1n kxk
86.184opYEqrZ \cdef v <vr; kvk =

�
v>v 0-.Y

(3) x, b 4 n uZ \cdef8r;^wxyuz{| Ax = b 4}>.YEqr^kQ0L

kbk > 0 89.Y110~� b )���<��4��~� b̃ 4}>^1D�P��CD.

��4��F4 x̃ = A�1b̃ 89.Y1)8s^

kx̃� xk � ��1n kb̃� bk

86.184opY1D4G7;CP<

kx̃� xk
kxk � �1

�n

kb̃� bk
kbk

4opY

(4) n = 2 8r;^[\ A 4

A =

Ã
cos �1 sin �1

cos �2 sin �2

!

89.YEqr ��/2 < �i < �/2 (i = 1, 2) 89.Y1)8s^�1 8 �2 4��; �1 � �2
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Problem 1

Fix a positive integer n. Let A be a real non-singular n × n matrix. A> represents the

transpose of a matrix A (also used for vectors). Answer the following questions.

(1) Prove that all eigenvalues of A>A are positive real numbers.

(2) Let the eigenvalues of A>A be

�21 � �22 � · · · � �2n,

where �i (i = 1, 2, . . . , n) are positive real numbers. Show that it holds that

kAxk � �1kxk

and

kA�1xk � ��1n kxk
for any real column vector x of size n. Note that kvk =

�
v>v for a real column vector v.

(3) Let x and b be real column vectors of size n, and consider a system of linear equations

Ax = b. Assume kbk > 0 in this question. Consider a perturbed right-hand side b̃ in place

of b, and let the perturbed solution be x̃ = A�1b̃. Show that we have

kx̃� xk � ��1n kb̃� bk.

Using this, show that we also have

kx̃� xk
kxk � �1

�n

kb̃� bk
kbk .

(4) Let n = 2 and

A =

Ã
cos �1 sin �1

cos �2 sin �2

!
,

where ��/2 < �i < �/2 (i = 1, 2). Calculate �1 and �2, and represent them in terms of

�1 � �2. Determine the relation between �1 and �2 which minimizes �1/�2.
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Z s 8�� k <vr;b̂y��CDEj�&� 4

Ã
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!
=
k�1Y
i=0

s� i
k � i =

s(s� 1)(s� 2) · · · (s� k + 1)

k(k � 1)(k � 2) · · · 1

0B�9.Y/E^s 4Z 8r;

f(x) = (1 + x)s

89.Y1)8s^kQ)�7<=>?Y

(1) �� k <vr;
dkf(x)

dxk

4��;^�&� 0a�pY

(2) |x| < 1 <vr;

(1 + x)s =
�X
k=0

Ã
s

k

!
xk

86.184opY(Eqr����)��L��p?Y)

(3) �� k <vr^

�k =

Z 1

0

Ã
s

k

!
ds

89.Y� G(t) 4 |t| < 1 <vr;

G(t) =
�X
k=0

�kt
k

8B�9.8^

G(t) =
t

log(1 + t)

,��x�184opY

(4) log(1 + t) 4 t = 0 )/��0 Taylor  'p?Y

(5) �7 (3) ?�

G(t) log(1 + t) = t

86.Y1)¡�4 t 0 'r^�� j <vr; tj )� 4¢£9.18<?�^�k <

�9.��|4¤?Y



Problem 2

(Generalized) binomial coe�cients are de�ned as

Ã
s

k

!
=
k�1Y
i=0

s� i
k � i =

s(s� 1)(s� 2) · · · (s� k + 1)

k(k � 1)(k � 2) · · · 1

for a real number s and a natural number k. Let

f(x) = (1 + x)s

for a real number s. Answer the following questions.

(1) Represent
dkf(x)

dxk

with binomial coe�cients.

(2) Show

(1 + x)s =
�X
k=0

Ã
s

k

!
xk

for |x| < 1. (Omit proof of the convergence radius.)

(3) Let

�k =

Z 1

0

Ã
s

k

!
ds

for a natural number k, and de�ne G(t) for |t| < 1 as

G(t) =
�X
k=0

�kt
k.

Prove that it holds that

G(t) =
t

log(1 + t)
.

(4) Give the Taylor expansion of log(1 + t) around t = 0.

(5) From question (3) we have

G(t) log(1 + t) = t.

By expanding the both sides of this equation in terms of t and comparing the coe�cient

of tj for each natural number j, derive relation expressions among �k.
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(1) ��()*+,-./01, 2*��345(67829.

Do not open this problem booklet until the start of the examination is announced.

(2) 3 �:;<=>?@. ��A9=BCDEFG>HI5JH:/29.

Answer the following 3 problems. Use the designated answer sheet for each problem.

(3) G>HIK@L��34MNOPQ7829.

Do not take the answer sheets and the problem booklet out of the examination room.

RS=T�UV5W�:/29.

Fill the following blank with your examinee’s number.

T�UV No.



�� 1

XYZ[9M\]^ 2 Y_1 (x, y) 9`DE/Z[5\ab w ( 6= 0) 5H8< 3 Y_*

(xw, yw,w) 9c<`:Z[1./def w *g=@h<\i9j* 2 Y_Z[-k7/ 3 Y_

Z[=lm:/29=7/d2E=nc<\oR*�8=>?@d

(1) pqrs=K8<M\tuv*wx* 2 Y_rsyz*{|5\}*wx9qx5~���

�9rsy9*�x1C�/dqx-�x\rsy- z = 1 *�+=j8<\tuv*wx

(x, y, z) (F�c z 6= 0 9:/) *rsx5��@d0F\pqrs9XYZ[9*n�=j

8<\����:��j��=���@d

(2) 2 Y_�y�* 3 x

p0 = (1, 0), p1 = (1, 1), p2 = (0, 1)

9��

c(t) =
(1� t)2p0 + 2(1� t)tw1p1 + t2p2

(1� t)2 + 2(1� t)tw1 + t2
, 0 � t � 1

5�?/�w1 MabCb�d2*9�\c(t) -�� 1 *����5`:@�=Cb w1 5

C�@d

(3) �8 (2) * c(t) 5XYZ[1�?/�w1 M�8 (2) 1��Fg5H8/�d:7�O\3

Y_tu* 3 x

p̂0 = (1, 0, 1), p̂1 = (1, 1, 1), p̂2 = (0, 1, 1)

9��

ĉ(t) = (1� t)2p̂0 + 2(1� t)tw1p̂1 + t2p̂2

5�?/d2*9�\�� ĉ(t) Mi9j*�y�=./295 �dDQ=\�� ĉ(t) M

¡¢�1./295 �d�£�¤¥�y�*Z[�1�?@d�

(4) ¦y ax2 + by2 = z2 - ĉ(t) 5§¨@�=abCb a, b 5C�@�w1 M�8 (2) 1��F

g5H8/�d0F\2*29�Q c(t) -��*©ª97/295«¬	­7®¯�Q��

�@d



Problem 1

Homogeneous coordinates represent a point (x, y) on a two dimensional plane by a point

(xw, yw,w) in three dimensional space, where w ( 6= 0) is a real number. Di�erent w associates

a di�erent point in three dimensional space with the same point on the two dimensional plane.

Answer the following questions.

(1) Perspective projection determines the projection of a point in a three dimensional space

onto a two dimensional projection plane as the intersection of the projection plane and the

line that contains the point in the three dimensional space and the view point. Determine

the projection of a point (x, y, z) (with z 6= 0) assuming that the origin is the viewpoint

and that the projection plane is z = 1. Also, explain the relation between perspective

projection and homogeneous coordinates plainly and brie�y.

(2) Consider three points

p0 = (1, 0), p1 = (1, 1), p2 = (0, 1)

and a curve

c(t) =
(1� t)2p0 + 2(1� t)tw1p1 + t2p2

(1� t)2 + 2(1� t)tw1 + t2
, 0 � t � 1

on a two dimensional plane, where w1 is a real constant. Determine w1 so that c(t)

represents a quarter of a circle of radius 1.

(3) Consider c(t) of question (2) in homogeneous coordinates (for w1 use the value obtained

in question (2)). That is, consider three points

p̂0 = (1, 0, 1), p̂1 = (1, 1, 1), p̂2 = (0, 1, 1)

and a curve

ĉ(t) = (1� t)2p̂0 + 2(1� t)tw1p̂1 + t2p̂2

in a three dimensional space. Show that ĉ(t) is on a plane. Also show that ĉ(t) is a

parabola. (Hint: Consider the coordinate system on the plane.)

(4) Determine real constants a and b so that a conical surface ax2 + by2 = z2 contains ĉ(t)

(for w1 use the value obtained in question (2)). From this fact, explain why c(t) becomes

a part of circle from geometric viewpoints.
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R*,M\2°±�²*³y5 c<8/d´xµx (leaf node)=j8Fb¶M\}*µx=l

m:/³y*·¸g1./doR*�8=\¹º=m»<R*,5G>HI=��{c<>?@d

(1) �-� ¼½¾1\¿�QÀ=µx-Á(DE/9:/d´xµx�leaf node�*�O1\aÂ

=·¸DE/µx5Ã1Ä�d

(2) wxµx*·¸gM\8�Q=7/�Å0F\wxµx1eÆDE/ÇM\ÀÈ¿*8É

E�Å

(3) ¿�QÀ1M7�\�-� ¾=@/ÊË�-Ìh9ÌÍÎ=Ï��+*µx*Á(ÐÑ5�?

@d}*ÐÑ5µx*Ò=R�5Ó8Fb¶1 �d0F\�-� ¼½-MIN-MAX¼½9

0hF�X»=7/�+*µx*Á(ÐÑ5�?\µx*Ò=Ô1Ä��b¶1 �d

(4) �8 (3) *~Õ5©Ö×c\�-� ¾-Ìh9ÌÍÎ=Ï��+*¼½Ø*Ù457/;��

���:8Ú1, �@d



Problem 2

The �gure below shows a certain state of a two-player game. The number associated with each

leaf node indicates the value of evaluating the leaf node under the state of the game. Answer

the following questions, copying the following �gure onto the answer sheet if necessary.

(1) Suppose that we use the �-� search method where the nodes are expanded from left to

right. Put circles on the leaf nodes that are actually evaluated.

(2) What is the value of evaluating the root node? And which move (either the left or the

right) is selected at the root node?

(3) Find the expansion order where the �-� search works most e�ectively, rather than the

order from left to right. Indicate the order by an underlined number on the side of each

node. In addition, �nd an expansion order where the �-� search works in exactly the same

way as the MIN-MAX search method and indicate the order by a boxed number on the

side of each node.

(4) Generalizing the result of (3), depict a search tree where the �-� search works most e�ec-

tively.
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i < j 1./ 2j*Ûb i 9 j =lc< Rand(i, j) M i o� j oR*
Ü­7ÛbÝb5.Q

�c\2EMCbÞu1ßàáâ1./Ì*9:/d0F\{1, 2, · · · , n} �Q}Eãäz*åæç
5èé98�d2*��1Mèé � 5

³
�(1) �(2) · · · �(n)

´

1.Q�:d2*9�\oR*�8=>?@d

(1) êD 3*ëìèé

I =
³

1 2 3
´

=lc<\I * 1 U!*ºí9 Rand(1, 3) U!*ºí5�é:/29=@h<èé I 0 5î
�cïDQ= I 0 * 2 U!*ºí9 Rand(2, 3) U!*ºí5�é:/29=@h<èé I 00

5î�:/295�?/d2*9�\ðQE/ I 00 9c<áâñ*./èé5:;<òóc\
DQ=òócFèé}EôE=lc}*èé-ðQE/õö5��@d

(2) êD n *:;<*.�ð/èé*÷�Qø�ù²=©j*èé5ßà:/�:7�OúC

*èé5ð/õö-û*ü*èé5ð/õö=Ììc8�ýþ���²5 c\}*ßà�

5 �d



Problem 3

Rand(i, j) denotes an ideal random integer that is neither less than i nor larger than j, where

i and j are integers such that i < j. We assume that Rand(i, j) can be computed in constant

time. A permutation of length n is a bijective function from {1, 2, · · · , n} onto itself. In this

problem, let us represent a permutation � as

³
�(1) �(2) · · · �(n)

´
.

Answer the following questions.

(1) Consider an identity permutation

I =
³

1 2 3
´

of length 3. Suppose that we �rst obtain a permutation I 0 by exchanging the �rst element

and the Rand(1, 3)-th element of I, and then obtain a permutation I 00 by exchanging the

second element and the Rand(2, 3)-th element of I 0. Enumerate all the possible permuta-

tions for I 00 and compute the probabilities that we get them for all these permutations.

(2) Describe an algorithm that computes a permutation of length n randomly (i.e., we can

obtain any permutation with the same probability), and show the computational time

complexity of the algorithm.
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(1) ��()*+,-./01, 2*��345(67829.

Do not open this problem booklet until the start of the examination is announced.

(2) 3 �:;<=>?@. ��A9=BCDEFG>HI5JH:/29.

Answer the following 3 problems. Use the designated answer sheet for each problem.

(3) G>HIK@L��34MNOPQ7829.

Do not take the answer sheets and the problem booklet out of the examination room.

RS=T�UV5W�:/29.

Fill the following blank with your examinee’s number.

T�UV No.
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XYZ+ �[K@L\]C^XY_�`a`�bcR[NFA9d:e

M = (Q,�, �, Q0, F )

-f?QEF9:/gFhi[Q Mjk*XYZ+[� Mjklmno[Q0 Mpqjk*Z+[

K@L F MT
jk*Z+1./gr*stu-�v:/9w[M -[� x*yYz �0�1�2 . . .

({ i = 0, 1, . . . =|i[�i � �)5}�-T
:/~98�g

• ./pqjk q0 � Q0�Q)0/jklm*yYz q0
�0� q1

�1� q2 . . . -��:/g

• xW*zMyY� F *�5�/g:7�O[{i | qi � F}MyYZ+1./g

0F[M -T
:/yYz��*Z+- S*9w[M M S5}�-��:/~98�g

2*9w[r*{�8=>?@g

(1) , 1* NFA M0-[(ab)nb� bFhi[n � N;n > 0e[:7�O[� (ab)n*�= b-y

Y���@�7z5 �-T
:/295���@gFhi[NM 0cx*�o��*Z+9

:/g

, 1: NFA M0

(2) Z+

{w0w1 . . . | �i � N. �ni � N. wi = (ab)ni0FM (aba)ni}
5 �-��:/ NFA*�5 1���gFhi[w0w1 . . .M[yY�*� wi5�r�+i<

1w/yYz1./gG>M[, 19��=,�i<�@8g

(3) M0 9��Z+5 �-��:/@�7]C^XY_�`a`�M1*�5 1���gG>M[

, 19��=,�i<�@8g



Problem 1

Let a �nite set � and a nondeterministic �nite automaton (NFA hereafter)

M = (Q,�, �, Q0, F )

are given, where Q is the �nite set of the states, � is the transition function, Q0 is the set of the

initial states, and F is the set of the accept states. We say that M �-accepts an in�nite sequence

�0�1�2 . . . of symbols in � (�i � � for each i = 0, 1, . . .) when both the following conditions

hold.

• There exists an in�nite sequence of transitions q0
�0� q1

�1� q2 . . . beginning from an initial

state q0 � Q0.

• The above sequence visits elements of F in�nite times. That is, {i | qi � F} is an in�nite

set.

M is said to �-recognize S if S is the set of all the in�nite sequences �-accepted by M .

Answer the following questions.

(1) Prove that the NFA M0 shown in Figure 1 �-accepts (ab)nb� (where n � N and n > 0),

that is, a sequence beginning with the word (ab)n followed by the in�nite repetition of b.

Note that N is the set of all the integers no less than 0.

Figure 1: NFA M0

(2) Show an example of an NFA �-accepting the set

{w0w1 . . . | �i � N. �ni � N. wi = (ab)ni or (aba)ni},

where w0w1 . . . is the in�nite sequence obtained by concatenating in�nitely many words

wi in the order of w0, w1, . . .. The answer may be illustrated in the same way as Figure 1.

(3) Show an example of a deterministic �nite automaton M1 �-recognizing the same set as

M0. The answer may be illustrated in the same way as Figure 1.
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cR*�����M[ =�¡`-¢CDE<8/£�7y¤¥¦§ G-f?QEF9w=[
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3. S-¿Z+=7/01 4, 55ÀÁÂ:g

4. S�Q�¡`±°*  x5ÃÁÄ:g

5. �i x- F *Å*Æ7/ª5�7818EÇ[½* 2�*ª5 x 1£�i< 1�*ª9:

/g½�176EÇbx-�È¨©-sÉ9���ª=Êi<8EÇeË�i78g

6. ±ÌÍ= F =M 1�*ª-Î/g½E-²³/±°ª1./g

2*´µ¶·¸¹=�8<[cR*�8=>?@g

(1) xW*´µ¶·¸¹=@­<ÏQE/ª-±°ª1./295���@g

(2) S*Ð��ÑÒ9i<Ó*@�7�*5J?ÇÔÕ-@�xW*Ö
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(3) F *Ð��ÑÒ9i<Ó*@�7�*5J?ÇÔÕ-@�xW*Ö
5×?/�[Ø��@g

(4) x*´µ¶·¸¹*ÙÚÛ5²³@g



Problem 2

The following pseudo-code describes an algorithm that �nds a minimum-spanning tree of a

connected undirected graph G with weighted edges, that is, a sub-graph that forms a tree that

includes every vertex, where the total weight of all the edges in the tree is minimized.

1. Create a set of trees F , where each vertex in the graph G is a separate tree.

2. Create a set S containing all the edges in the graph G.

3. Repeat 4 and 5 until S becomes empty.

4. Remove an edge x with minimum weight from S.

5. If that edge x connects two di�erent trees of F then combine the two trees into a single

tree. Otherwise (if the two end vertices of x belong to a same tree), do nothing.

6. Only one component remains in F . It is the minimum spanning tree of the graph G.

Answer the following questions about the above algorithm.

(1) Prove that the algorithm correctly computes a minimum-spanning tree.

(2) Describe what kind of data structure should be used for S to run the algorithm e�ciently.

(3) Describe what kind of data structure should be used for F to run the algorithm e�ciently.

(4) Answer the computational complexity of the algorithm.
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������´�ÜÝÞßà=K6/Wáâã9_äå�Ýæ�¥ç¡Ý¹=@/èéWáê


=ni<[cR*�8=>?@g

(1) WáâãM[ëì¥¦¹*Ó*@�7^í5�=i<¢ÙDE<8/�g^í5 2�.î@g

(2) TLB (Translation Lookaside Bu�er)M[èé´�å¡ïð5ñò=:/F³*´�ÜÝÞ

ßàóôõÑ1./gTLB*ö÷5ø;@g

(3) cR*@�7Wáâã5N� CPUK@Lëì¥¦¹5éC:/g

ù
úû·üý¸ 32 MB
ä�þüý¸ 4 KB
Ð��Üà�ç�üý¸ 32 KB
Üà�ç�É� ù
´�å¡=@/ 2 way set associative
¦ý�üý¸ 128B
Üà�ç��ð´µ¶·¸¹ LRU

01: extern double read_data();

02: double a[4096], b[4096], c[4096];

03: void init_data()

04: {

05: register int i;

06: for(i = 0; i < 4096; i++)

07: b[i] = read_data();

08: for(i = 0; i < 4096; i++)

09: c[i] = read_data();

10: }

11: int main()

12: {

13: register int i;

14: init_data();

15: for (i = 0; i < 2048; i++)

16: a[i] = b[i] + c[i] + c[i + 2048];

17: return 0;

18: }

Fhi[double �M 8�ý`�9:/g_äå�Ýæ�¥ç¡Ý¹K@L�ëì¥¦¹*
���	
K@L¡��Þ	
M[ù
úû·=��i<8/�*9i¡
�ë´�`DE
78g�ëì¥¦¹*Ð��	
9i<�H1w/ù
úû·M[0U��Q 16ä�þ¬9
i[2*	
*ä�þ�ð´µ¶·¸¹M FIFO9:/ginit datano�×�*ù
úû
·x*Ð����McR*9KÁ97/g

+------------------+ +------------------+

00000000 | b[0]�b[511] | 32K 00008000 | c[0]�c[511] |

4K 00001000 | b[512]�b[1023] | 36K 00009000 | c[512]�c[1023] |

8K 00002000 | b[1024]�b[1535] | 40K 0000A000 | c[1024]�c[1535] |

12K 00003000 | b[1536]�b[2047] | 44K 0000B000 | c[1536]�c[2047] |
16K 00004000 | b[2048]�b[2559] | 48K 0000C000 | c[2048]�c[2559] |
20K 00005000 | b[2560]�b[3071] | 52K 0000D000 | c[2560]�c[3071] |
24K 00006000 | b[3072]�b[3583] | 56K 0000E000 | c[3072]�c[3583] |

28K 00007000 | b[3584]�b[4095] | 60K 0000F000 | c[3584]�c[4095] |
+------------------+ 64K 00010000 +------------------+

xWëì¥¦¹* init datanoÌ���Qëì¥¦¹-Ì�:/01*ä�þ§�µ`o

K@LÜà�ç��¡�o5²³@g



Problem 3

Answer the following questions about the memory hierarchy in computer architectures and

the virtual memory system in operating systems.

(1) The memory hierarchy is designed based on program’s properties. Explain such two prop-

erties.

(2) TLB (Translation Lookaside Bu�er) is an architectural support mechanism to improve the

speed of virtual address translation. Explain the mechanism of TLB.

(3) Assume a CPU with the following memory hierarchy and the following program running

in the CPU.

Physical Memory Size 32 MB
Page Size 4 KB

Data Cache Size 32 KB
Cache Mapping 2 way set associative based on physical address

Line Size 128B
Cache Replacement Algorithm LRU

01: extern double read_data();

02: double a[4096], b[4096], c[4096];

03: void init_data()

04: {

05: register int i;

06: for(i = 0; i < 4096; i++)

07: b[i] = read_data();

08: for(i = 0; i < 4096; i++)

09: c[i] = read_data();

10: }

11: int main()

12: {

13: register int i;

14: init_data();

15: for (i = 0; i < 2048; i++)

16: a[i] = b[i] + c[i] + c[i + 2048];

17: return 0;

18: }

The size of the double type is eight bytes. Assume that the memory regions for the
operating system, the above program code, and its execution stack reside in physical
memory. That is, those memory regions are never swapped out. The data area of the
above program can only be allocated in the physical memory area starting from address 0
and its size is 16 pages. When a data area accessed by the program cannot be allocated in
that physical memory area, some pages of the area will be swapped out based on the FIFO
page replacement algorithm. After the execution of the init data function, the physical
memory layout will be as follows:

+------------------+ +------------------+

00000000 | b[0]�b[511] | 32K 00008000 | c[0]�c[511] |

4K 00001000 | b[512]�b[1023] | 36K 00009000 | c[512]�c[1023] |

8K 00002000 | b[1024]�b[1535] | 40K 0000A000 | c[1024]�c[1535] |

12K 00003000 | b[1536]�b[2047] | 44K 0000B000 | c[1536]�c[2047] |
16K 00004000 | b[2048]�b[2559] | 48K 0000C000 | c[2048]�c[2559] |
20K 00005000 | b[2560]�b[3071] | 52K 0000D000 | c[2560]�c[3071] |
24K 00006000 | b[3072]�b[3583] | 56K 0000E000 | c[3072]�c[3583] |

28K 00007000 | b[3584]�b[4095] | 60K 0000F000 | c[3584]�c[4095] |
+------------------+ 64K 00010000 +------------------+

Calculate the number of page faults and cache misses after the init data function execu-

tion until the program is terminated.


