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Answer the following two problems. Use the designated answer sheet for each problem.
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Problem 1(100 points).
Let A1,---, A, be the eigenvalues of a symmetric matrix A of order n (the eigenvalues are re-
peated as many times as their multiplicities), and the set of the corresponding right eigenvectors

{uq,- -+, u,} forms an orthonormal basis.

(1) Let  be a column vector of length n, and @; (i = 1,---,n) be the projection of & onto the
linear space spanned by w;. Give the n x n matrix P; that satisfies

for any column vector « of length n.

(2) Show that P; (i = 1,---,n) satisfies P = P; and P? = P;, where P is the transpose of
P.

(3) Show that A can be expressed as

(4) Express A™ in terms of A,---, A, and Py,---, P, for m being a positive integer.

(5) Assume that none of Aj,---, A, is zero, and all of A\, 1, -+, \, are zeros. Give the matrix B
using Ay,---, A\, and Py, .-, P, that satisfies
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Problem 2(100 points).
Gamma function I'(x) is defined for > 0 by

[(x) = / e dt 1]
0
Answer the following questions.
(1) Represent the integral
I = / e da
0
using Gamma function.
(2) Show
[(x) = ;F(x +1) 2]

from equation [1] using integration by parts.

(3) Show
I'(n+1)=n!

for n being any positive integer.

(4) Let n be a positive integer and 0 < x < 1. Apply the inequalities ¢ - n*~1 < t* < n* and
t-n® ! >t* >n* which are valid for 0 <t < n and t > n, respectively, to the integral

[(z+n) = /0 et lae,

and show
1 n e’}
- / e thdt + / e "t
n Jo n
I n 1 foo
< M S/ e_ttn_ldt—}- _/ €_ttndt. [3]
n® 0 n Jn
(5) Show
r
(-1 —e) < D < (o114 6) 0

from equation [3] using integration by parts, where €, = n™/(nle™).

(6) Using equations [4] and [2], show for > 0

L (n—1)In"
F(x)_Jirgox(x—l-l)---(xﬂtn—l)’

where you may use Stirling’s formula
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Problem 1(100 points).
Assume that an n x n tridiagonal matrix 7" allows LU decomposition without pivoting as

bl C1 O

ay by ¢
as bs C3

Ap—1 bn— 1 Cp—1

O an by,

where

1 O di uy O

lh 1 dy  uy
dn—l Up—1

Answer the following questions.
(1) Express {a;}, {b;}, and {¢;} in terms of {/;}, {d;}, and {w;}.
(2) Show an algorithm to compute {l;}, {d;}, and {w;} from given {a;}, {b;}, and {¢;}.
(3) Let 7o =1 and
=[] d (1<i<n),
k=1
and give the linear recurrence relation using {a;}, {b;}, and {¢;} that {7;} satisfies.

(4) Let

and give the matrix A; using {a;}, {b;}, and {¢;} that satisfies
ti=Aiti»

(note that the last suffix is i — 2).
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int f(int all], int n) {
al0];

int x
int 1;
for (i = 1; i < n; i++) {
if (ali] >= x)
x = alil;
}

return Xx;
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void gsort(int a[], int left, int right) {
int i, p, j;
if (left >= right) return;
p = alleft];
i left;
J right;
while(i <= j) {
if (ali] < p) i++;
else if (alj] >= p) j—;
else {
swap(a, i, j);
i++;
j=s
}

}

gsort(a, left, i - 1);

if (j + 1 == left) gsort(a, j + 2, right);
else gsort(a, j + 1, right);
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oobooboobbobooo1lgobobboooon
(a) 000000 whileOODOOODOOOOOOOOO 1000000000 DODOODOOO

gogobobboodgbuoudgbbdootdbwhileDD000oO0oooooooDOOg
gobogooobn

(b) ()0 0000000000 whileOOOODOODODOOOOOODOOODODODOODDODOO
(¢ OO 10D0D0O0O0DOOOOOOOO



Problem 2(100 points).
Answer the following questions.

(1) Consider the following function, which takes as arguments an array of integers and a non-zero
integer value indicating the size of the array, and returns an integer value.

int f(int all, int n) {
int x = a[0];
int 1;
for (i = 1; i < n; i++) {
if (al[i] >= x)
x = al[il;
}

return Xx;

Prove by using induction that the result of the function is the maximum of the elements of
the given array, that is, that the following logical formula is satisfied just before the function

returns.
(viefo,....n—1}.x>alj])A(Fj€fo,....n—1}. x=alj])

Question (2) is shown in the next page.



(2) Consider the following function, which takes as arguments an array of integers and two
integer values indicating indices of the array.

void gsort(int a[l, int left, int right) {
int i, p, j;
if (left >= right) return;

p = alleft];
i = left;
j = right;

while(i <= j) {
if (ali] < p) i++;
else if (alj]l >= p) j—;
else {
swap(a, i, j);
i++;
j=s
}
}
gsort(a, left, i - 1);
if (j + 1 == left) gsort(a, j + 2, right);
else gsort(a, j + 1, right);

Here, we assume that swap is defined as a function that exchanges the values of the index
i and the index j of the array a. Now, we would like to prove that, after executing the
function gsort, the values of the array a between the indices left and right are sorted,
that is, the following logical formula is satisfied. (We call it “property 1.”)

Vk € {left,...,right — 1}. ak] < alk + 1]
Answer the following questions.

(a) What is a logical formula that holds right after the while statement in the function
and that is sufficient for proving the property 17 Here, you can use, as free variables
of the logical formula, the variables valid right after the while statement.

(b) Prove by using induction that the logical formula answered in (a) holds right after the
while statement.

(c) Prove the property 1 by using induction.
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Problem 3(100 points).
Let L be a language over a finite alphabet . We denote x =, y for strings =,y € X* if the
following condition holds:

e vxz€ L & yze Lforall z e X"
For the binary relation =, over ¥*, answer the following questions:
(1) Prove that = is an equivalence relation on :*.
(2) Prove that =, has the following property: If z =, y, then zz = yz for all z € ¥*.

(3) Prove that the following two statements are equivalent.

(a) L is regular.

(b) The number of equivalence classes of =, is finite.
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Problem 4(100 points).
Answer the following questions on protection.

(1) Describe memory protection provided by operating systems using the following two terms:

e CPU execution mode (kernel/user mode)

e Address translation mechanism in MMU

(2) Describe access control list and capability list and show their examples used in real systems.
Discuss advantages and disadvantages of those two methods.

(3) Show an example of security attack which is not protected by the above protection mecha-
nisms. Describe a protection mechanism that overcomes the problem.
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Problem 1(100 points).

We have n (n > 1) boxes, each of which contains either an item A or an item B as its content.
We know in advance that the number of boxes containing A is some fixed number m, but we do
not know which they are. We also have a machine X that checks whether a pair of boxes have the
same contents. However, the machine X could return incorrect answers when both boxes have
items B inside. That is, when two boxes contain items B, the machine sometimes says that the
two boxes contain the same items but other times says that the two boxes contain different items.
In other cases, the machine X always gives correct answers. Answer the following questions.

(1) Let 0 < m < n/2. Show that there are cases in which we cannot determine the content of
each box even if we check all the pairs of boxes with the machine X. Assume that we check
each pair of boxes only once.

(2) Let m > n/2. Describe a method that uses the machine X exactly |n/2] times for choosing
a set of boxes such that the number of the chosen boxes is less than or equal to [n/2] and
more than half of them have A as their contents.

(3) Let m > n/2. Show that we can always determine the contents of all the boxes by using the
machine X only O(n) times.



00 2(1000).
0000000000000 24z 0000000000000000000000000000
0000000000000 000000000000000000000000000000
0000000000000000000000 C(>0)00000000000 (p,¢1)00
00000000 (ps,q,1)00000000000000

() DooooooOoo (0,0,1)0D000D00pqUIDOO0O0DOO0ODOOODODODOOOOOODOO
goobuoboobbbobobobouabgd

(2) 0000 (ps,¢s5,1) 000000000 0OOCO0OOOOOOODOOOOOODOOOOOO
(3) 0000 (psygs, 1)) 0000000000 OOOO0OOOD pqOO0O0D00OOOOOODOOO

(4) 0000 (psygs, 1)) 00000000 DOOODOOOODODOD pqO0O0O0D0OOOOOODOOO

Problem 2(100 points).

Consider the relation between the intensity (brightness) and the normal vector at a point on a
curved diffuse surface illuminated by an infinite light source, in the xyz space. Assume that the
intensity at a point on a curved diffuse surface is proportional to the cosine of the angle between
the normal at that point and the light vector, where the constant of proportionality is C' (> 0).
Also, assume that the surface normal vector is (p, g, 1) and the light vector is (ps, ¢s, 1). Answer
the following questions.

(1) Show that, if the light vector is (0,0, 1), then the iso-intensity curves on the p-¢ plane are
concentric circles with the origin as the center.

(2) Obtain the expression for the intensity with the light vector (ps, ¢s, 1) being arbitrary.

(3) Give the set of points on that the intensity is zero, in the p-¢ plane, with the light vector
(ps, gs, 1) being arbitrary.

(4) Give the coordinate of the point that gives the maximum intensity in the p-¢ plane, with
the light vector (ps, gs, 1) being arbitrary.
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Problem 3(100 points).
Answer the following questions concerning search algorithms.

(1) Explain how the breadth-first and the depth-first search algorithms work and describe these
algorithms by using stack and queue data structures.

(2) Give the maximum number of the nodes stored in the stack or queue in each of the breadth-
first and the depth-first searches. Assume that the branching factor is b and that a single
goal exists at depth d. Also assume that depth d is known in advance in the depth-first
algorithm.

(3) Give the average number of nodes to examine before reaching the goal in each of the breadth-
first and the depth-first searches under the same assumptions in (2).

(4) Explain what difficulties the depth-first algorithm would encounter if the depth d of the goal
were not known in advance. Explain an algorithm called iterative deepening to avoid the
difficulties.
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Problem 4(100 points).

Construct a combinatorial logic circuit of logical left shift whose data width is 16 bits using AND,
OR, and NOT gates. Let the input data be Iy, I, ..., I5, the shift length be Sy, Sy, ...,5,, and
the output be Og, O, ..., O15. The following expressions should be satisfied:

S = SQ+2X51+4XSQ+8XS3+16XS4
o _ [ s i (=920
" lo o if i-9)<0

(1) Construct a combinatorial logic circuit of logical left shift whose input, shift length, and
output have widths 4 bits, 3 bits, and 8 bits, respectively.

(2) Construct a logic circuit of 16-bit logical left shift using copies of the 4-bit shift circuit
designed in (1). Additional AND, OR, and NOT gates may be used if necessary.



