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5MItRE, 3 [Ef#ZE / Answer 3 out of the 5 problems

# E B IH / Instructions
(1) AEBRBoaMET, ZOMERF2EMP DN 2.

Do not open this booklet until the starting signal is given.

(2) AMFITHET, LT, HRAEHOEITIRE RS o BB LA Z &,
Notify the proctor if there are missing or incorrect pages in your booklet.

(3) AMFIZIEELIMPSEMETHY, HAIAELS 13H, HUL 14 EH» S 23 H
THD. 5MDIH IMEHABE LWL LEETHREST L &.

booklet. Answer 3 problems in Japanese or English.

(4) BRAMIMIEE NS, 16T I ROBRAREZHEHTEZ 2. k%2 EH
EERFBEEMMOBAZMHHL TH LW,
Three answer sheets will be given. Use one sheet per problem. If necessary, you may
use the back of the sheet.

(5) HBEFEMMOME NN, ZRBEB LT OHKCHET Z2MEES 20T
WRAT A, RARENTEZRS W,
Fill in the examinee number and the problem number in the designated place of each
answer sheet. Do not put your name.

(6) BERIFIRRIEAM D SE) X 202 &,
Do not separate a draft sheet from the booklet.

(7) MEICBRORVESE, BERYEHALZTRIIEDHE T5.
Any answer sheet with marks or symbols unrelated to the answer will be invalid.

(8) ZFHRAMS L UOMEM IR bR ST k.

Leave the answer sheets and this booklet in the examination room.

TRE . TR M
Examinee number ‘ Problem numbers
FHCSHRESETCATEI L, FHICEIRL 3 D0OMEES 2R ATH I L.

Fill in your examinee number. Fill in the three selected problem numbers.




2020-MM1I-1
Problem 1

Let n be a positive integer. Let A be a real square matrix of size n, and let B be a

real symmetric positive-definite matrix of size n. Answer the following questions.
(1) Show that there exists a unique real square matrix C of size n satisfying
BC+(CB = A.

In the following, this matrix C' is denoted by Cy p.

(2) Show that BCy g = C4 B if and only if AB = BA.
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Problem 2

The lifetime of an organism is distributed according to the exponential distribution
with mean p. We want to estimate p by observing lifetimes of n individuals of the
organism. However, due to a restriction of the experiment, observation is not available
in the time interval [0, a] immediately after the birth, and only the fact of death is
observed if the organism has died in the interval. Here a is a positive constant.

For i = 1,...,n, denote the lifetime of the -th individual by X;. They are dis-
tributed according to the exponential distribution with mean p and are mutually inde-
pendent. The probability density function of the exponential distribution with mean

pis fz;p) = (1/p)e=/* (z > 0). Define an observation Y; by

a (if X;<a),

Y, =

Answer the following questions.
(1) Denote the expectation of ¥; by g(u). Find g(p).

(2) Let Y = n~!'3"" Vi, Prove that if ¥ > a, there exists a unique it such that
g(@) =

~4

(3) Let M denote the number of ¢’s such that ¥; =a. For 0 < m <n—1and b > a,
find a function h(m,y; p) satisfying

b
P(M =m,Y <b) = / h(m,y; p)dy.

(4) Prove that if m < n and y > a, then there exists a unique p that maximizes

h(m, y; p1).
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Problem 3

Let K be a field, and let n be a positive integer. Let K (21, s, ..., z,) be the field of
rational functions over K with n variables, and let L = K[zy, 29, ..., Ty, :vl"l PSR ]
be the subring of K (z1, 2y, . .., z,) generated by K and z1,z,, . .., 2, 27, 25, ...,z L.
Let R = K{z1,Z2,...,%n,Y1,Y2,---,Yn] be the polynomial ring over K with 2n vari-

ables. Answer the following questions.

(1) For an element p € R, let ¢(p) denote the element of L obtained by substituting
z;! into each variable y; (i = 1,...,n) in p. This map ¢ : R — L is a ring

homomorphism. Show that for an ideal J of L, ¢=*(J) is an ideal of R.

(2) For 1 <i<m,let g; =z;y; — 1. Let

R’={7'€R

Show that for an arbitrary element p € R, there exist hy,...,h, € Rand r € R’

for 1 < i < n, every monomial in 7 }

does not involve z; and y; simultaneously

such that p = hygi + -+ + hngn + 7.

(3) Let I denote the ideal of R generated by ¢i,...,¢g,. Show that kerp = I and
that L is isomorphic to the quotient ring R/1.
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Problem 4
Consider the differential equation
0
5t =an =1, +z(n+1,1) - 22(n, 1) (%)

for a function z(n, t) of an integer n and a real number ¢ > 0. Assume that the function

z(n,t) satisfies
z(n+ N,t) = z(n,t) ()

for any integer n, where N is an integer larger than or equal to 3. Furthermore, let

2mmn,
e(m,n) =exp | i

for integers m and n, where i is the imaginary unit. Answer

the following questions.

(1) Let fm(t) be a function of a real number ¢ > 0 for an integer m with f,,(0) = ¢,
where ¢;, is a complex number. Assume that the function of the form x(n,t) =

e(m,n) fm(t) satisfies differential equation (*) and condition (+#). Find f,(¢).

(2) Let (go,---,9n-1) be an N-dimensional complex vector. Under the initial condi-
tion z(n,0) =g, (n=0,1,...,N —1), find the solution of differential equation
(*) with condition (*x).

(3) Find lim x(n,t) for the solution z(n,t) found in (2).

t—+00

[
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Problem 5

Consider arrays of rational numbers. Let A[i] denote the i-th element of an array
A. For an array A of length n, a monotone ndn—deereasing array B of length n that
minimizes .

> _(Ali] - By’

i=1
is called an approximate array of A. Here an array B is said to be monotone non-

decreasing if B[1] < B[2] < --- < Bln]. Answer the following questions.

(1) Let A’ be the array made by appending an element at the tail of array A of length
n. That is, A'[i] = A[i] (1 < ¢ < n). Let B and B’ be approximate arrays of A

and A’ respectively.

(1-1) Prove that if A'[n+1] > Bln], then B'[i{] = B[i] (1 <i < n) and B'[n+1] =
A'ln + 1] hold.

(1-2) Assume that B[1] = B[2] = --- = B[n] and A'[n + 1] < B[n]. Show that
B[l = B'[2] =--- = B'[n+ 1] and B'[n + 1] < B[n], and find the value of
B'n+1].

2) Give a polynomial-time algorithm for finding an approximate array of an array
poly g g P )
A. We assume that the four basic arithmetic operations between two rational

numbers can be done in constant time.




