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Problem 1

A discrete-time signal z[n] (n is an integer number) is obtained by sampling a
continuous-time signal z.(¢) (¢ is a real number representing time) with the sampling
period T. Therefore, these signals are related as z[n] = z.(nT). The Fourier
transform 7 of 2.(t) and discrete-time Fourier transform Fy of z[n] are denoted as
Xe(w) and X (), respectively, as follows:

Xew) = Folaelt) = [ auttie et
o (1)
X(Q)=Falzln]l = > zinJe™™

n=—=0oo

Here, w is the angular frequency, and 2 = w7 is the normalized angular frequency.
Answer the following questions.
(1) Suppose that X (w) is given by

|
X(w)={'"p W=B ()

0, otherwise

where B is a real number larger than 0. Answer the condition for T such that
aliasing due to sampling does not occur in z[n).

(2) Answer the following questions about X (w) and X{Q) in Equation (I).
(a) Prove that the following relationship between X.(w) and X (Q) holds:

X(@Q) = = i X, (9 _ 2_%) (m)

Here, the following equation including the Dirac delta function 6(¢) can be
used:

oo = i W 2

(b) Using Equation (I), justify the condition for T' obtained in Question (1).

(Continued on next page)
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Next, by decimating x[n] by a factor of A (M is an integer number equal to or
larger than 1), a new discrete-time signal x4{m] = z[Adm] (m is an integer number)
is obtained.

(3) (a) Answer the condition for T such that aliasing does not occur in zq[m]
when X.(w) is given by Equation (I).

(h) Express the discrete-time Fourier transform of zg[m], Xq(Q) (g = wMT),
in terms of the discrete-time Fourier transform of the original discrete-time
signal z[n], X ().

{(4) Suppose that X {w} is given by Equation (II) and B = iT

A = 4.

Obtain z4[m| for

[\]

21



Dyaft paper
(Do not separate this from the booklet)

22



Draft paper
(Do not separate this from the booklet)

23



2023 1PC

Problem 2

Consider a four-terminal circuit composed of capacitance C connected to the midpoint
of inductance L as shown in Fig. 1. The response of the circuit is described in terms of
a set of complex voltages and currents, with complex amplitudes V{(w) and I(w),
respectively, oscillating in proportion to e/®t, where e is the base of natural logarithms,

j is the imaginary unit, @ is an angular frequency, and t is time.

(1) We express the voltage and current at the input port as V;(w) and I, (w) and those
at the output port as V,(w) and I;(w). Express elements a, b,c,d of the matrix in
the equation below in terms of w, L, C.

Vi (w) Va(w)
1;(::)]=[a 3] [122(2:)

(2) Answer the following questions assuming the output port is open, i.e. V,(w)/1f;(w)
is set to be infinite.
(a) Express the frequency transfer function G,(w) = Vo(w)/V,(w) using w,L,C.
(b) Draw the outline of the gain of the frequency transfer function obtained in
Question (2)-(a), |G, (w)}, for w = 0.

(3) Suppose that the input impedance V,(w)/I;{w) is equal to Z(w) when the output
port is terminated with an impedance with a given frequency characteristic Z{w).
Express such a Z(w) using w,L,C. If a square root is used in the expression,
consider only the positive root. (Note that this Z(w) expresses the input impedance
of a ladder network composed of an infinite cascade of the circuit shown in Fig. 1.)

(4) Answer the following questions assuming the output port is terminated with the

impedance function Z{w) obtained in Question (3).

(a) Express the gain of the frequency transfer function |G, (w)|=
Volw)/Vi(w)| using w, L, C. The answer should be expressed separately for
cases of 0 < w </4/LC and w > /4/LC.

(b) Draw the outline of the gain of the frequency transfer function |G, (w)]
obtained in Question (4)-(a) for w = 0.

(Continued on next page)
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Problem 3

Consider the feedback control system composed of plant P(s) and controller C(s) as
S f—

——  and answer the following questions.
(s +6)(s - 3) &d

shown in Fig. 1. Suppose P(s) =

(1) Suppose that C(s) = Ci(s) = 5 where K > 0.

(a) Let ai(s) = a11(s) + Kaiz(s) = 0 be the characteristic equation of the
closed loop system, where a,(s), a;1:(s), and a;2(s) are polynomials of s.
Find expressions for aj;{s) and aa(s).

(b) Determine the condition(s) on K such that the closed loop system is stable.

K

(2) Suppose that C(s) = Cas) = Y where I > 0.
(a) Let aa(s) = az1(8) + Kas(s) = 0 be the characteristic equation of the
closed loop system, where aa(s), a21(s), and ags(s) are polynomials of s.

Find expressions for as({s) and ag(s).

(b) Determine the signs of a2(1) and ag(+00). Given the results, explain the
poles of the closed loop system with respect to its stability.

(3) Consider a stable and proper transfer function G(s) = , where n(s) and

u
d(s)
d(s) are polynomials of degree £ and m, respectively, and ¢ < m. Suppose that
G(s) has a zero s = z, where z is real, z > 0, and it is unique in the region
C. = {s|Rels] = 0} except for zeros at infinity.

S

(a) Explain how G(s) can be represented as G(s) = Go(s);z, where G,(s)
st 2

is stable and proper, and all the zeros {z} of G,(s) except for zeros at
infinity satisfy Re[z;] < 0.

(b) Prove the following:

|G(Jw)[ = |Go(jw)lv Vw € (-—DO, +OO)

(Continued on next page)
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(4) Suppose that C(s) = C1(s) in Question (1) and that the closed loop system is
stable. Its complementary sensitivity function is given by

P(s)Ci(s)

T(s)= 14+ P(s)Ci(s)

(a) Show the value of T'(2).

(b) Prove the following based on the results of Question (3):

sup |T{jw)| > 3

wE(—x, +00)

(¢) Explain the result of Question (4)-(b) with the zeros and/or the poles of
P(s) and/or C(s) with respect to control system design.

—-(T)_—— C(s) = P(s)
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Problem 4

Consider the motion of a rigid rod with uniform density as shown in Fig. 1. The rigid rod
has mass M [kg], length L [m], and center of gravity G. The rigid rod connects to a
fixed base link (the ceiling) by the rotary joint O and oscillates on the xy plane about O.
The thickness of the rod and the rotational friction around O are sufficiently small and
can be considered negligible. The distance between O and Gis L; (0 < L; < L/2), and
the gravitational acceleration is g [m/s?]. Note that the Cartesian coordinate system xy
and the rotation angle & [rad] of the rigid rod are defined in Fig. 1. The directions of the
arrows indicate positive directions for the aforementioned quantities. The negative
direction of y-axis is the direction of gravity. Under these conditions, answer the

following questions.

(1) Express the moment of inertia [ of the rigid rod around G using M and L. Also,
express the moment of inertia I’ of the rigid rod around O using M, L, and L,.
(From Question (2) onward, I and I’ may be used to simplify equations.)

(2) (a) For Fig. 1, derive the equation of motion of the rotation of the rigid rod about O.
(b) As shown in Fig. 2, a linear spring with spring constant k& [N/m] was attached

horizontally, along the x-axis, between the point E on the rigid rod and a fixed
base link (the vertical wall surface). The distance between O and E is

L, (0L, € L/2+ Ly). The spring has a natural length when the rigid rod is
stationary (8 = 0), and deformation occurs in the x-axis direction when the rigid
rod oscillates. The deformation of the spring in the y-axis direction is sufficiently
small and can be considered negligible. Under these conditions, derive the

equation of motion of the

) o I II /,
rotation of the rigid rod E

about O. Also, derive the
natural frequency of the
rigid rod when

the angle 8 of oscillation

is very small.

T e,

(Continued on next page)
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(3) After tilting and releasing the rigid rod with the spring used in Question (2) as shown
in Fig. 3, the rod starts oscillating from an initial angle 8 = 8, (< 0) and
initial angular velocity 8 = 0. 8, is assumed as very small. After that, consider the
case where the rigid rod collides in a perfectly elastic collision (with a rebound
coefficient of e = 1) with a small object assumed as a point mass when 8 = 0 and
6 = w (> 0). The mass of the small object is m [kg], and its center is Ga. The
contact point of the collision is at the same height as G from the floor (which is
parallel to the x-axis), and the distance between the collision contact point and O is
Ly (0 Ly SL/2+ L)
Under these conditions, derive the angular velocity @ of the rigid rod immediately
before the collision and the translational velocity v (> 0) [m/s] of the small object
immediately after the collision.

(4) After the collision, the small object slides on the floor surface with friction. Determine
the lengths L, and L; that maximize the moving distance of the small object
considering the equations derived in the previous questions and the length conditions.

L and L; are assumed as constants, and M = m.
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