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Problem 1

Given an integer k > 0, we define a language Lj over an alphabet ¥ = {a,b} by:
Li={z1.. 2, €X" |n€ZAN>kAZp_t1 =a}

Here, Z is the set of integers and z; € X.. That is, L is the language that consists of words whose
k-th symbol from the last is a. '
Answer the following questions.

(1) Give a non-deterministic finite automaton that accepts Lg.

(2) Describe Ly using a regular expression. You may write the i-time concatenation of a regular
expression r as r.

(3) Is L' = |z, L2 a regular language? If so, give a finite automaton that accepts L’. If not,
prove that L' is not regular. You may use the pumping lemma for regular languages.

(4) Prove that any deterministic finite automaton that accepts L has at least 2 states.
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Problem 2

Consider a processor P with a direct-mapped data cache that stores 256 bytes of data in total.
The cache line size (block size) of the data cache is 16 bytes. Through the data cache, the processor
P reads data from the memory by the load-word instruction 1w and writes data to the memory
by the store-word instruction sw. The address and data bit-widths of the load-word/store-word
instructions are 32. When the bit representation of a memory address is agiass ... ae, the index
and the offset of the data cache are ajagagay and agasa;ay, respectively. The processor P has 32
integer registers from x0 to x31, and x0 is the zero register that always keeps the value 0.

"The following program S applies the average filter with size 3 to the one-dimensional array A with
head address 0x1000 and size 402 and stores the result on the one-dimensional array B with head
address 0x2000 and size 400. Each element of the arrays A and B is a 32-bit signed integer. The
behavior of each instruction is described as a comment (the description after #) in the program,
where memory[addr] represents a memory access to the address addr. The initial values of the
registers x5, x6, and x7 are 0x1640, 0x1000, and 0x2000, respectively.

Instruction 0) addi x2, x0, 3 # x2<-x0+3
Instruction 1) Loop: 1w x8, 0 (x6) # x8 <~ memory[x6 + 0]
Instruction 2) 1w x9, 4 (x6) # x9 <- memoryix6 + 4]
Instruction 3) add x8, x8, x9 # x8 <~ xB + x9
Instruction 4) 1w x9, 8 (x6) # x9 <- memory[x6 + 8]
Instruction §6) add x8, x8, x9 . # x8 <- x8 + x9
Ingtruction 6) div x8, x8, x2 # x8 <- x8 / x2
Instruction 7) sw x8, 0 (x7) # memory[x7 + 0] <- x8
Instruction 8) addi x6, x6, 4 # 26 <- x6 + 4
Instruction 9) addi x7, x7, 4 # x7 <~ x7 +4
Ingtruction 10) blt x6, x5, Loop # if x6 < x5, goto Loop

Answer the following questions.

(1) Calculate the cache hit rate up to three places of decimals for the execution of the program
S on the processor P. Suppose that every cache line of the data cache is invalid when the
execution of the program starts, and there is no prefetcher.

(2) Calculate the IPC (instructions per cycle) up to three places of decimals for the execution of
the program 8 on the processor P. Suppose that the processor P has an instruction memory
with no access delay, and there is no delay on the instruction fetch, instruction decode, data
forwarding, and write-back to the register file. The processor starts at most one instruction
execution for every clock cycle. Until the instruction completes, the processor does not start
the subsequent instructions. The processor executes each of add, addi, and blt instructions
in one clock cycle, and executes div instruction in four clock cycles. The processor executes
each of 1w and sw instructions in one clock cycle in case of cache hits and four clock cycles
in case of cache misses.

(3) Consider a modification to the data cache to improve the cache hit rate for the execution of
the program S. Explain the modification with the reason why the cache hit rate is improved.
Note that the data cache capacity should not be modified.

(4) Explain a software-level optimization of the program S, using a concrete example, for im-
proving the cache hit rate without any modification to the processor P or the data cache.
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Problem 3

Let G = (V, E) be an undirected graph with no self-loops (edges joining the same vertex) nor
multi-edges (two or more edges joining the same two vertices), with |V| = n, |E| = m. If there is
a vertex v in a connected graph G such that after deleting v, the resulting graph is not connected,
we call v a cut vertex of G.

Answer the following questions.

(1) Describe an algorithm to check whether or not G is connected. Estimate the time complexity
of the algorithm.

(2) Describe a O(m) time algorithm to find a spanning tree T, given a connected graph G.

(3) Let T be a spanning tree of a connected graph G, and assume that v is a non-leaf node of
T (i.e., the degree of v in T is at least two) and that v is not a cut vertex of G. Let e be
an edge of T that is incident with v. Prove that one can obtain another spanning tree of G
from T by replacing e with another edge f # e of G.

(4) Describe a o(mn) time algorithm, given a connected graph G, to find all cut vertices of G.
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Problem 4

Let us consider the following function f described in a C-like programming language with the
call-by-value evaluation strategy. We assume that, unlike in the C language, there is no bound on
integer data, and no overflow occurs.

int £(int x)
{
if (x<=0) returm x+1;
else return f(f(x-2));
}

For example, f(1) is evaluated as follows, where the return value is 1 and the number of calls of
the function f during the evaluation is 3.

f(1) — f(f(=1)) — F(0) — 1.

Answer the following questions.

(1) Give the number of calls of the function f during the evaluation of F(2).
(2) Show that the return value of f(n) is 1 for every non-negative integer n.

(8) Let n be a non-negative integer. Express the number of calls of the function f during the
evaluation of f(n) in terms of n.

(4) Let n be a non-negative integer. Express the number of calls of the function f when f (n) is
evalulated by using the call-by-name strategy instead of the call-by-value strategy, in terms
of n.

(5) Give an example of a program that does not terminate with the call-by-value strategy but
terminates with the call-by-name strategy.



