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Answer the following 3 problems. Use the designated answer sheet for each problem.
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Do not take this problem booklet or any answer sheet out of the examination room.
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Problem 1

For a real matrix A, let nnz(A) be the number of the non-zero elements (elements whose values

are not zeros). Let Sp(n,c), where ¢ is a positive integer, be the set of n x n real matrices A that

satisfy the following property: the number of non-zero elements in any row or any column of A is

not larger than ¢. When you write your answers in C language, use double for real numbers and

int for integers. Answer the following questions.

(1)

Define a data structure to store an n x n real matrix A, and describe it in C language. Here
the memory consumption of the data structure must be O(n + nnz(A4)). Also, to explain
the usage of the data structure just answered, show an algorithm that computes y = Ax
efficiently, for an n x n real matrix A and a real vector x of length n. Here A is given in the

data structure you answered, and x and y are stored in arrays of double of length n.
Show that, if A € Sp(n,c) and B € Sp(n,c), then A+ B € Sp(n,2c).

Show an algorithm that computes C = A + B efficiently, for A and B being n x n real
matrices with the numbers of non-zero elements much less than n?. Answer the computational
complexity of the algorithm. Here A and B are given in the data structure you answered in
Question (1), and C' must be stored in the data structure you answered in Question (1). You
can use temporary data structures when necessary.

Show that, if A € Sp(n,c) and B € Sp(n,c), then AB € Sp(n, c?).

Show an algorithm that computes D = AB efficiently, for A and B being n x n real matri-

2. Answer the computational

ces with the numbers of non-zero elements much less than n
complexity of your algorithm. Here A and B are given in the data structure you answered
in Question (1), and D must be stored in the data structure you answered in Question (1).

You can use temporary data structures when necessary.
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Problem 2

Let ¥ = {a, b} be an alphabet.

(1) For each of the following regular languages, give a finite automaton that accepts it.

automata can be deterministic or nondeterministic.

(a) {x € ¥* | z contains aa as a subword }

(b) {z € ¥* | the length of x is no less than 5, and its fifth last character is a }

(2) Prove that the following language L; over ¥ is not regular.

L; = {a"b" | n is a nonnegative integer}

(3) Prove that the following language Ly over ¥ is not regular.

Ly = {a"b™ | n, m are nonnegative integers satisfying n # m}

The
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FindRepeat(T,i,7) {

if (i >4){

return nil;

}

m — [(i+7)/2];

P — FindRepeat(T,i,m — 1);

Q « FindRepeat(T,m + 1, j);
R—{i<m<i+r—1THEDRLXTFIN Tli.i+2r — 1] BdHuL

ZDH)LREDLD, UL nil. };

9:  if (P=Q=R=nil) {

10: return nil;

11: } else {

12: return {P, Q, ROHFTnil THWVHDDHI L, REDLD. };
13: }

14:  }



Problem 3

We call a string constructed by repeating the same string twice, without inserting any string

between them, a tandem repeat. For example, the string “REPEATREPEAT” is a tandem repeat, as it

is constructed by repeating “REPEAT” twice. A longest one among the substrings of 7' that form

tandem repeats is said to be a longest tandem repeat of T'. For example, “REPEATREPEAT” is the
longest tandem repeat of “LETSREPEATREPEATIT”.
Let Ti..j] denote T’s substring of length j — i + 1 that starts from the i-th position and ends

at the j-th position. For the average time complexity analyses in the following questions, assume

that 7' is constructed by a sequence of random characters from a given alphabet 3 (]3] > 2).

Answer the following questions.

(1)
(2)

Show a longest tandem repeat of “ABABCBCABCBCBCBC”.

Show an algorithm that checks whether T'[i..i + 2r — 1] is a tandem repeat or not for given
i and r, and show both the worst time complexity and the average time complexity of the

algorithm.

Show an algorithm that checks whether there exists ¢ such that i < m < i+ r —1 and
Ti..t +2r — 1] is a tandem repeat for given m and r, and show the average time complexity
of the algorithm.

Show an algorithm that, for given m, checks whether there exists ¢ and r such that i < m <
i+r—1and T[i..i + 2r — 1] is a tandem repeat, and compute a longest one (i.e., one with
the largest r) among them if such tandem repeats exist. Show the average time complexity

of the algorithm.

We can obtain a longest tandem repeat of T by computing FindRepeat(7T,1,n), following
the pseudo code below. Here n is the length of T'. Show the average time complexity of the
algorithm.

FindRepeat(T,1,7) {
if (i > j) {
return nal;
}
m — [(i+7)/2];
P — FindRepeat(T,i,m — 1);
@ <« FindRepeat(T,m + 1, j);
R « { If there exist tandem repeats T'[i..i + 2r — 1] such that i <m <i+r —1,
then a longest one among such. nil if no such exists. };
9: if (P=Q=R=nil) {

10: return nil;

11: } else {

12: return {A longest non-nil string among P, @ and R. };
13: }

14:  }
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