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Do not open this problem booklet until the start of the examination is announced.

(2) 400000000. 000000000000 ODDOOOOOOOO.
Answer the following 4 problems. Use the designated answer sheet for each problem.

(3 DJO0O0o0DboOoUoOoooooooooo.
Do not take the problem booklet or any answer sheet out of the examination room.
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Problem 1

Let A be an n x n complex matrix. Let A be an eigenvalue of A, and x be a corresponding
eigenvector. Assume that ||z|s = 1.
Answer the following questions.

(1) Show an algorithm that takes the vector « as an input and calculates an n x (n — 1) matrix
X that satisfies the following Condition 1.

Condition 1: W = (z X) is a unitary matrix.

(2) X and W are defined as in question (1). Let

.
W*AW:(a b )
c D

Here a is a complex number, b and ¢ are column vectors with length n — 1, and D is an
(n — 1) x (n — 1) matrix. Note that W* represents the complex conjugate transpose of W
and b' represents the transpose of b. Prove that ¢ = 0.

(3) Prove that there is a unitary matrix U that satisfies the following Condition 2.

Condition 2: T'= U*AU is an upper triangular matrix.

(4) T is defined as in question (3). Show that 7" is a diagonal matrix when A is a normal matrix.
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c = 0;

for (d = bj; d !'= 0; d = d [iii| 19
c=cd;

}

return c;



Problem 2

Consider those natural numbers i € [0,2" — 1] which can be represented by n bits. There are
many different representations other than the standard binary representation (which we denote by
(ai)iejo,2n—1))- Let us consider representations (b;);c[0,2n—1) that satisfy the following Condition A.

e by =0.

For each i € [0,2" — 2], the bit strings b; and b;;1 differ by one bit.
Condition A
e Furthermore, bon_1 and by differ by one bit.

e For any i,j € [0,2" — 1], if i # j then b; # b;.

Here 0 denotes the n-bit sequence 00...0.
For example, when n = 2, the standard binary representation (ai>i€[073] is as shown below on the
left; and those shown below on the right are the only two different representations (b;);c[o,3 that

satisfy Condition A.

ap a1 a2 as b() b1 bg b3
00 01 10 11 00 01 11 10
00 10 11 01

Answer the following questions.

(1) Let n = 3. How many different representations (b;);c|o,7] are there that satisfy Condition A7

(2) One certain representation (b;);c(o,2n—1] that satisfies Condition A can be computed in the
following way, from the standard binary representation (a;);c[o,2n—1]-

bi:az’(ail)

Here |i| and stand for one of the following operators, respectively. Find which.

Operator | Description

alb bitwise OR. operation of a and b.

a&b bitwise AND operation of a and b.

a”~b bitwise XOR operation of a and b.

a << x | a shifted x bits to the left. Rightmost bits are filled with O.
a >> x | a shifted x bits to the right. Leftmost bits are filled with 0.

(3) Show that the representation (b;);c[o,2n—1) obtained in question (2) indeed satisfies Condition
A.

(4) Conversely, the following procedure computes the standard binary representation (a;);c[o,2n—1]
from the representation (b;);[o,2»—1] obtained in question (2). Choose, from the table in ques-

tion (2), appropriate operators for and .

c = 0;
for(d=bi;d!=0;d=d1){

c=cd;
}

return c;
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Problem 3

Let N = {0,1,2,...} denote the set of non-negative integers; = be a variable that ranges over N;
b(xz) and f(x) be total recursive (i.e. computable) functions from N to N; and P be the following
program.

while b(z) =0 do {
x = f(z);
}

return z;

Given an arbitrary subset S C N, we define the set wp(S) C N as follows.

{nEN

Answer the following questions.

When we execute P with £ = n as the initial value of =z,
it terminates and the return value belongs to S.

(1) Let b(z) = %2 (the remainder when x is divided by 2) and f(x) = z/2 (the quotient when
x is divided by 2). Describe wp({0,1}) and wp(N). (Derivation is not necessary)

(2) Assume n € wp(S) and b(n) # 0. Prove that n € S.
(3) Assume n € wp(S) and b(n) = 0. Prove that f(n) € wp(S5).
(4) Assume that a set I C N satisfies the following conditions.

e (n €1 and b(n) # 0) implies n € S.
e (n €I and b(n) =0) implies f(n) € I.

Prove that we have I C wp(S) U (N \ wp(IN)).
(5) Argue that wp(IN) is recursively enumerable.

(6) Argue that, for some total recursive functions b(z) and f(x), the set wp(IN) is not recursive.
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Problem 4

Assume a 10'° bps physical network layer in which packets in the following fixed-size format,

whose size is 1250 bytes, are transferred. DEST and SRC are receiver and sender addresses, respec-
tively. Application data is stored in the DATA area. CRC, Cyclic Redundancy Check, is filled by the
physical network layer.

o o e o +

| DEST (4bytes) | SRC (4bytes) | DATA (1238bytes) | CRC (4bytes) |
e o e o +

In order to use this physical network layer, the following APIs are defined:

void netwrite (void *pckt);
It sends the fixed-size packet specified by pckt. The destination address is specified by DEST
field in the fixed-size packet. It takes the time of the packet length divided by the bandwidth

to send the packet, and then the function returns immediately.

void netread (void *pckt);
It receives a fixed-size packet and stores it in the memory area specified by pckt. It returns
immediately after the whole packet arrives.

Assume that the communication of the physical network layer is asynchronous. The packets are

always transferred without error. Answer the following questions.

(1)

First, assume that the software overhead and the network delay (the time between the start of
sending a fixed-size packet and the start of receiving it) are negligible. Calculate theoretical
maximum value of data transfer throughput on the user level.

Next, assume 4 us for the network delay, and negligible software overhead.

Computer A sends a packet to computer B using netwrite, and then immediately calls
netread to receive a packet from computer B. Computer B has called netread early enough,
and immediately after receiving the packet from computer A, it sends another packet, which
has been already prepared, to computer A using netwrite.

Calculate the time from the call of netwrite to the return of netread, on computer A.
Assume that no other processes or no other computers do any communication.

Write a function send, which has the prototype below, in C language. This function sends
size bytes of data from the initial address pointed by data to the destination address dest
by using netwrite. The first packet should contain the data size given by size as well. The
argument of netwrite must be pcktarea, which is a global variable of void* type and given
as 1250-byte buffer area.

void send (NETADDR dest, void *data, int size);

The address of the sender computer is stored in a global variable myaddr, which is NETADDR
type. Assume that no other processes or no other computers do any communication. The
sizes of int and NETADDR are 4 bytes, and the size of char is 1 byte.

Argue that the throughput of the data transfer in question (3) is degraded if the memory
copy bandwidth of the sender computer is low.



